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Introduction 



Different kinds of problems can be put about partial differential equa- 
tions. 

a) Local problems, i.e. problems of regularity of solutions when we 
know the degree of regularity of the coefficients and the second 
member. 

b) Boundary value problems. These problems generally have a 
physical origin. As an example we have the first boundary value 
problem - the famous Dirichlet problem - for the Laplacian. We 
have a bounded domain Q with a smooth boundary in R n ; we are 
given a function g in Q. and a function h on the boundary of Q. 
The problem is to find a function / in Q. such that A/ = g in Q. 

( " d 2 \ 

and / = h on the boundary of Q. A = £ — ^ .Another prob- 



lem is Neumann's problem for A: find / such that Af = g in Q, 

df 

and — = h on the boundary. We can also consider the problem 
on 

d f 

wherein / is prescribed on a part of the boundary and — on the 

dn 

rest of the boundary. Under suitable assumption on g and h these 
problems have one and only one solution. The problems with a 
physical origin are usually well-posed. 

c) Mixed problems or initial and boundary value problems. Let 

Q. be a bounded domain with a smooth boundary S. We consider 
the problem of heat conduction in Q.. From a physical point of 
view, it is clear that the knowledge of the temperature in Q at time 
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and that of the temperature at the boundary at every time t > 
should completely determine the temperature in Q at any time t. 
The corresponding problem is this: given a function uq(x) in Q. 
and a function h(x,t), t > 0, x e S, find a function u(x,t) such 
that 

du(x,t) 
l) — - — - = Au(x,t) 
dt 

ii) u(x,0) = uo(x) (initial condition) 

iii) u(x,t) = h(x,t) for every t > and x e S (boundary condi- 
tion) 

Another problem of this type arises when we know the initial tem- 
perature of the body and the amount of heat that flows across the 
boundary at every subsequence moment. The problem is to find 
u(x, t) such that 

du(x,t) 
l) \ =Au(x,t) 
ot 

ii) u(x,0) = uo(x) 

iii) d ^^- = h(x,t) (t>0,xeS). 

on 



We shall formulate these problems, or rather weaker versions of 
these, in the framework of spaces of distributions and solve them. 
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Mixed Problems in Partial 
Differential Equations 
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Lecture 1 

Vector valued Distributions 



Notations. denotes the space of C°° functions with compact supports 1 
oxvR N . 

$ denotes the space of all C°° functions on R N . ^denotes the 
space of 'rapidly decreasing' functions on R N . All these spaces are pro- 
vided with their usual topologies. (See "Theorie des distributions" by L. 
Schwartz, Vol. 1 and 2) We denote by & , <§' and ,9" the strong duals of 
$ and 5? respectively. & , £' and 5?' are respectively the space of 
distributions on R N , the space of distributions with compact support on 
R N and the space of 'tempered' distributions on R . 

Definition of a vector valued distribution: 

Let E be a locally convex Hausdorff topological vector space. We 
will refer to such a space as ELC. 

Definition 1.1. A linear continuous map from $s to E is defined to be 
an E-valued distribution or a distribution with values in E. 

Remark . The space of .E-valued distributions depends only on the 
bounded sets of E. 

Proof. Since & is bornological (Theorie des distributions, Tome 1, 
p. 71) a linear map from Q> to E is continuous if and only if it takes 
bounded sets of into bounded sets of E. Hence the space of Z?-valued 
distributions depends only on the bounded sets of E. In particular if we 
replace the topology of E by the weakened topology, due to the iden- 
tity between the bounded sets in the initial topology and the weakened 



1 



2 



1. Vector valued Distributions 



2 topology, we have the space of Zs-valued distributions to be the same 
algebraically in the above two cases. □ 

We denote by 3>'(E) the space of £"-valued distributions. Topology 
of 3>'(E). On 3>'(E) we put the topology of uniform convergence on 
bounded sets of 9. Since bounded sets of 9 are relatively compact, 
the topology that we introduce is the same as the topology of uniform 
convergence on compact sets of 9. 

Examples of vector valued distributions: 

Let T be a distribution on R N and ~~e a fixed vector of E. T~e defined 
by T e ((f) = T(ip) e for every ip e *2j is an ^-valued distribution. T e 
maps the whole of £F either into a one-dimensional subspace of E or 
into zero according as ~e t 0, T t or one of the quantities e and T is 
zero. 

The map (T, e) -*■ T e of 9'xE into 9'(E) is a bilinear map and 
hence induces a linear map i : & ® E -*■ 3>'(E). This map T is an 
injection. For, let {~e v } be a basis of E. Any element of *3i' % E can be 
written as £ T v ® ~e v , T v e 9'. Now, T v ® "e v ) = E r v "? v . Hence 
if i(£ T v (8) "e'v) = 0, we have X! ^v^v = 0, or X! T v (<p)~e v = for every 
<p e 9. The linear independence of the e v 's gives T v {ip) = for every 
(p e 9. Hence ^T y ® "e" v = 0, which proves that is an injection. 

It is easy to see that the image of 9' ® E under this injection is 
the space of continuous linear maps from 9 into E which are of finite 
rank, that is to say, which map 9 into a finite dimensional subspace of 
E. When E is finite dimensional, every £"-valued distribution is of finite 

3 rank and so 9'{E) can be identified algebraically with 9' ® E. When E 
is finite dimensional by choosing a basis ~e\,..., ~~e m of E we see that 
any T e 9'(E) can be written as 

T = T{e\ + Tie 2 + ■■■ + T m ~e m , 

where T\,...,T m are uniquely determined scalar distributions. Instead 
of giving T it suffices to give the m-scalar distributions T\,T2,..., T m . 

Now we give an example of a distribution which can have infinite 
rank. 
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If / is a complex valued continuous function we know that / defines 
a distribution, also denoted by /, in the following way: 

f((p) = J f(x)(p(x) dx for every iptQs. 

R N 

We shall now define an analogous vector valued distribution. Let E 
be a complete EEC. If <p e the function f<p defined by f(f(x) = 
<p(x)f(x) is an £"-valued continuous function with compact support. E 
being complete, the integral / f(x)tp(x) dx (for the definition of this 

R N 

integral, see Bourbaki, Integration, Chap.III § 4) is an element of E. 
The map <p -> / (<p) = J f (x)(p(x) dx, which is evidently linear, 

RN 

is an Z?-valued distribution. We have to prove the continuity of the map 
/ if) of S 1 in E. Suppose {(p n } is a sequence of functions all 
having their supports in a fixed compact set K and tending uniformly to 
0, together with all their partial derivatives. Let V(K) be the volume of 
the compact set K. Then 

J f(x)ip(x)dxemV(K)7(K) 

R N 

(Bourbaki, Integration, Chap. Ill, § 4). 

where m = sup \<p(x)\ and / (K) is the convex, closed envelope of the 4 

xeK 

r \ 

compact set / (K). Since E is complete / (K) is compact. 
Hence 

f7(x)<p n (x)dxem n V(K)7(K), 

R N 

where m n = sup|^„(x)|. If (p n tend to uniformly on K, we have 

xeK 

f {ip n ) -*■ in E. This proves the continuity of the map <p -*■ f (tp). 
The identity distribution. The identity map of @ into S> is a continuous 
linear map of @ into @, hence it is a ^-valued distribution. 
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1. Vector valued Distributions 



Definition 1.2. An E-valued distribution T : S> -*■ E is said to be of 
order m, m an integer > 0, if T can be extended into a continuous 
map from 3> m to E. (For the definition and the topology of @ m refer to 
"Theorie des distributions", vol. 1). 



One knows that a scalar distribution is locally of finite order. But the 
analogous result is in general false for vector valued distributions. For 
example, the identity distribution (example (2.3))is of infinite order in 
every open subset. In fact, if i : @ -> @ is of finite order, every E- valued 
distribution, E being a complete ELC, will be of finite order. For, let 
/ : @ -*■ E be an E- valued distribution and i : $) m -*■ & be the extension 
of i into a continuous linear map of & m in @. Then / = fo i : <2s m -*■ E is 
an extension of / into a continuous linear map of @ m into E. But given 
any open set Q there exists a distribution on Q with values in C (field of 
complex numbers) which is of infinite order. 

5 Suppose E and F are two locally convex Hausdorff spaces such that 

E is a subspace of F with a finer topology. It may happen that an E- 
valued distribution T which is of infinite order becomes a distribution 
of finite order considered as a distribution with values in F. For example 
take E = &> and F = The identity distribution of @ with values in 
@ is of infinite order. But considered as a ^'-valued distribution it is 
given by the indefinitely differentiable i^'-valued function / defined as 
/ (a) = 8 a , 8 a being the Dirac distribution at 'a'. It is easily seen that / 
is a C°°, £F'-valued function. We now verify that the distribution given 
by / is the same as the i^'- valued distribution 

The distribution defined by / maps any <p e @ into the element 

/ (<p) = J f(a)(p(a) da of & . Now, I claim / (<p) is the same as the 

r n 

element i(<p) of i((f), considered as an element of maps any 
if/ e into the element <p(if/) = J <p(a)if/(a) da of C. To show that 

f {if) = i((p) we have to show merely 



( / (<p) , (A) = (p(if/) for every if/&S>. 



,iff) = (J f (a)ip(a)da,if/) = J { f (a)(p(a),if/) da 

R N R N 

= J (6 a if/(a),if/) da = J (p(a){6 a ,if/) da 

R N R N 

J if/ (a) if/ (a) da 



R N 

= ¥#)• 



Vector valued Distributions 



Lecture 2 



Vector valued Distributions 
(Contd.) 



Let F and F be two locally convex Hausdorff spaces and u : E ->• F 6 
be a continuous linear map. If T ■ & -> £ is an F-valued distribution 
m o T : & -> F is an F- valued distribution, ho r is called the image of 
F by u. The distribution w o F has at least as simple properties as T . 
For example, if F is of finite order, u ° T is of finite order. The support 
of u o T is contained in that of T . In particular, if T has a compact 
support, u o T has a compact support. If T is given by a function 
/ : R N -*■ E, then u o T is given by the function uo f : R N -> F. This 
follows immediately from the equality 



Every distribution T : ^ -> F is a continuous image of the identity 
distribution for F = T o I. In this sense the identity distribution is 
the worst possible distribution. Suppose T 6 3>'(E) and e ' e E',E' 
denoting the dual of F. Write for tp £ @,((p\T\ = T (<p) and (ip\ T | e '} = 
*e'{ T (</?)). The mapping (<p, T , V) -> (^| F | V) is a trilinear form 
on ^ x 3)'{E) x E'. *e' o F is a scalar distribution and we denote this 
distribution by | F | V). 
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2. Vector valued Distributions (Contd.) 



Proposition 2.1. If T is an E -valued distribution, the map from E' to 
Q)' which takes e ' into \ T\ e '} is the transpose of the map T : 3) ->• E. 

7 Proof. We have 

\T[t')(<p) = (<p\T\t') for every <p e S> 
= (T(tp), *e') E ,E' 

This proves the proposition. □ 

Let E be a locally convex Hausdorff topological vector space, we 
denote by E' c the dual of E endowed with the topology of uniform con- 
vergence on convex, compact, stable subsets of E. By Mackey's theo- 
rem (Bourbaki EVT, Tome 2, Chapter IV, Theorem 2), the dual of E' c is 
identical with E. Moreover if E and F are ELC and u : E -*■ F is a con- 
tinuous linear map, the transpose f u ■ F' c ^ E' c is continuous, because u 
maps convex, compact, stable subsets of E into convex, compact, stable 
subsets of F. 

Now, suppose T ■ & -*■ E is an valued distribution ' T : -> ^' 
is a continuous map for @' = 3>' c . Conversely, we have 

Proposition 2.2. If u : E' c ^ & is a continuous linear map, it is the 
transpose of a uniquely determined E -valued distribution. 

Proof. Let u ■ E' c -> & be a continuous linear map. Then 'u : (E' c )' c <- 
{@')' c is a continuous linear map. But {S>')' c = 3>, and (£"')' has a 
topology finer than the topology of E. {{E' c )' c is algebraically the same 
as E by Mackey's theorem]. To prove that the topology of (E' c )' c is 
finer than that of E, we first remark that the initial topology on E is 
the topology of uniform convergence on equicontinuous subsets of E'. 
To prove our assertion, we have only to show that any equicontinuous 

8 subset of E' is contained in a convex, compact, stable subset of E' c . Let A 
be any equicontinuous subset of E'. Let A be the convex, weakly closed 
stable envelope of A. A is then weakly compact and equicontinuous. But 
on equicontinuous subsets the topology of compact convergence and the 
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weak topology coincide. Hence A is a compact subset of E' c . Since the 
topology of (E' c )' c is finer than that of E, t u : E <- <2l is also continuous. 
This proves our proposition, as f (t u ) = u. □ 

The above proposition shows that the vector spaces J£(3>,E) and 
££{E' C , are algebraically isomorphic. 



2. Vector valued Distributions (Contd.) 



Lecture 3 

Spaces of distributions ffl 



Definition 3.1. A space of distributions 3if is, by definition, an ELC 9 
which is contained in S>' as a linear subspace with a finer topology: 
that is to say, the injection i : ffi -> &>' is continuous. 

Definition 3.2. A space of distributions 3riP is said to be normal if Q) is 
contained in 3V with a finer topology and *3l is dense in ffl. 

Proposition 3.1. If 3^ is a normal space of distributions, 

1) the space JtfJ is a normal space of distributions, and 

2) the space 34?J (the dual of 34? with the topology of uniform con- 
vergence of bounded sets of r J^f) is a space of distributions. 

Proof. The space 34?' is first of all a subspace of In fact, if T e 3tf" 
and t = T\Si (T restricted to since the topology of S> is finer than 
the topology induced by 34? , f is a continuous linear functional on <2>. 
Hence T e 3>' . The mapping T -»■ t is an injection, for if T = 0, we have 
T = because is dense in 34f. Thus we see that 34?' is a subspace of 

Since the injections *3 -»■ 34° -> Q>' are continuous, we have by 
transposition ®' c <- 34?^. <- ($>')[ are continuous. But S>' c = 3>' and 
(@')' c = Q>. Hence % <- ^ ^ are continuous. Also since 34? -»■ 

is an injection, is dense in 34?' if we take the weak topology 
o-(3%",3€). Now 34?{ and Jf" with the topology o-^'.JT) have 
the same dual (Mackey's Theorem). It follows therefore that the linear 
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3. Spaces of distributions X 



subspace @ which is dense in X' in the topology cr(X', X) is also 

10 dense in the topology of X c '. (See Bourbaki, EVT IV, § 2, no. 3, Cor. 1). 
This completes the proof of (1). 

The proof of (2) is, in fact, trivial. The continuity of the injections 
@ -*■ X -*■ S>' gives the continuity of the injections S>' 6 *- X? *- 
(£>')' d . B\A®' 6 = ®' waA(®')' 6 = ®. □ 

The space X(E): 

Let X be a space of distributions. Let E be an ELC. 

Definition 3.3. The space X(E) consists of all E-valued distributions 
T which have the following property. 'T : E' c -> maps actually 
E' c into X and is a continuous map of E' c into X. We have X{E) 
*££{E' C ,X). 

Definition 3.4. Let X he any linear subspaces of & . We say that 
an E-valued distribution T belongs scalarly to 31? if l T : E' c -*■ S' 
actually maps E' into 3V. In other words, for every e ' e E', we have 
(T,r')t3l e . 

Definition 3.5. We say that a space of distributions 3? has the £- prop- 
erty, if for every locally convex, Hausdorjf, complete vector space any E- 
valued distribution T which scalarly belongs to 31? belongs to 31? (E). 

Proposition 3.2. If 31? has the £ -property, every subspace of 31? with 
the induced topology has also the £-property. 

Proof. Let 3(? be a linear subspace of 3f with the induced topology.Let 
T be an .E-valued distribution, with E a complete ELC, satisfying ( T , 

11 V) e X for every V e E' . We have to show that 7 e X(E). In 
other words, we have to show that ' T : E' c -*■ S>' takes E' c into X 
and is continuous. Now ( T , e ') 6 X for every V merely means that 
1 ~T( V) e X for every V e E'. Hence ; ~T : E' c -* S>' maps E' c into X. 
Since X c 3? and X has the ^-property ' T : E' c -> X is continuous. 
Now, the topology of X is the induced topology and ' T (E' c ) e X. 
Hence ' T : E' c -»■ X is continuous. □ 
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Proposition 3.3. Suppose 34? satisfies the following conditions 

(1) 34? is a normal space of distributions. 

(2) 34? has a fundamental system of Q)' -closed neighbourhood ofO 
in 34?, that is to say, 34? has a fundamental system of neighbour- 
hoods ofO which are closed in the topology induced from @'. 

(3) The bounded sets of 34? are relatively compact. Then 34? has the 
E-property. 

Proof. Let E be any complete ELC and let T be any £"-valued distri- 
bution scalarly belonging to 34?, that is to say, ' T : E' c -»■ S>' maps E' c 
into 34? . Since ' T : E' c -*■ @' is continuous, ' T : E' c -*■ 34?@i is continu- 
ous, where J4?@i is the space 34? with the topology induced by & . The 
topology on 34? is finer than the topology induced by S>' . To prove the 
^-property we have to show that ' T : E' c -»■ 34? is continuous. Accord- 

ing to (2), if we prove that 'T (W) is a neighbourhood of in E' c for 
any convex, stable neighbourhood W of in 34? which is closed, it 
will follow that 'T : E' c -»■ 34? is continuous. Since W is £F'-closed and 

since 1 T : E' c -»■ is continuous, f T (W) is closed in £"'. f T (W) 12 

is a convex, stable set of E' c . Since W is absorbing, f T (W) is also ab- 

sorbing. Since ' T ( W) is a convex closed set in E' c it is also closed 
in E' with the weak topology and since it is convex, stable, absorbing 
and weakly closed, it is a neighbourhood of in the strong topology on 
E', that is in E' s . Hence ' T : E' 5 -> 3tf is continuous. The injection 
34? -*■ Si' is continuous. Hence the transpose &> -*■ 34?,! is continuous 
and the image is dense in 34?^ . Because of (3) we have 34?$ = 34? c '. 

Also T : 34?J -»■ {E' s )' s is continuous. Let E" be the bidual of E. The 
topology £ of uniform convergence on equicontinuous subsets of E' is 
coarser than the topology of {E' s )' s . Hence T ■ 34? 6 ' -> Eg is continuous. 
Hence the composite 3> -*■ 34?$ -*■ Eg is continuous. The image of @ 
by the composite is contained in E and on E, Eg induces on E the same 
topology as the initial topology of E. Since the image of @ is dense in 
34? s ', the image of 34?J in Eg is contained in the closure of E in Eg. But 
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3. Spaces of distributions Jt? 



E being complete we have T : JtfJ -* Eg maps J4?J in The topology 
of E being the one induced by Eg, we have T : J^' = J^' -»■ £ contin- 
uous. Hence ' T E' c (^')c * s continuous. But (J$? c ')' c is the same 
as Jf? with a finer topology. Therefore f T :£"',-> is continuous. □ 

This proves our proposition. 



Lecture 4 

The S -product of two locally 
convex Hausdorff spaces 

Let L and M be two locally convex Hausdorff vector spaces. We shall 13 
define a space L£M. 

Definition 4.1. L£M is the set of bilinear forms on L' c x M' c hypocontin- 
uous with respect to the equicontinuous subsets of L' and M'. (For the 
definition of hypocontinuity, see Bourbaki, E.V.T., Chap. Ill, §4). L£M 
is a linear space. We put on L£M the topology of uniform convergence 
on products of equicontinuous subsets ofL' and M'. 

Let £ s L£M,l' e U and m' e M' . Write £{l',m') = (l'\£\m') For 
any fixed m' e M' the mapping /' -> \m') is a continuous linear form 
on L' c and hence defines an element of L which we denote by \S\m'). The 
mapping m' -»■ \$\m') is a continuous, linear map of M' c in L. That it is 
linear is trivial. To show that it is continuous we have to only show that 
if m' -> \S\m') -*■ in L. Now \S \m') -*■ if for /' lying in an equicon- 
tinuous subset of L' we have {l'\S\m') -»■ uniformly. But this is half of 
the hypocontinuity assumption on S. Hence m' -> |^|m') is a continu- 
ous linear map of M' c into L. Thus $ defines an element of Jf(M' c ,L). 
Similarly, using the other half of the hypocontinuity hypothesis, we can 
show that £ determines an element of Jf(L' c , M). In fact this is nothing 
but the transpose of the linear map M' c -> L that corresponds to £. 

Let us denote by £' the continuous linear map of M' c into L that 14 
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4. The £-product of two locally convex Hausdorff spaces 



corresponds to S '. Then $'(m') is that element of L which satisfies 
g{l',m') = {l\£\rri) = {g{m'),l')L,L'. Conversely suppose that n : 
M' c -*■ L is a continuous linear map. 

Then the bilinear map rj : L' c x M' c -»■ C defined by //(/', m') = (n(m'), I') 
is hypocontinuous with respect to the products of equicontinuous sub- 
sets of L' c and M' c . First we show that if /' lies in an equicontinuous 
subset of L' and m' -»■ 0,{rj(m'),l') -»■ uniformly. Since 77 is con- 
tinuous, 7/(m') -»■ in L and hence (n(m'),l'} -»■ uniformly if /' lies 
in an equicontinuous subset of L'. The transpose ^ : L', -»■ M is also 
continuous for (M' c )' c is finer than M. This gives the other half of the 
hypocontinuity, namely, if m' lies in an equicontinuous set of M' and 
I' in L', 

(7 7 (m , ),/') = (^^(^)}-0 

uniformly. 

Thus we see that L£M pa Jf(M' c ,L) algebraically. Similarly we 
have L£M « J?(L' C ,M) algebraically. 
Topologies on ££{M' C \ L) and JS? (L^; M). 

On both these spaces we put the £-topology which we define below. 

Definition 4.2. Let E and F be two ELC. The E-topology on the space 
Ji?(E' c ,F) is the topology of uniform convergence on equicontinuous 
subsets of E'. 

Proposition 4.1. The algebraic isomorphisms between the three spaces 
L£M,J??£(L' C ,M) and ££s{M' c ,V) are topological isomorphisms. 
15 We shall prove the isomorphism L£M « Jz?£ (M£,L) is topological, 

the other case being similar to this. 

Let <§ e L£M and £' the corresponding element in J2?£ (M^,L). We 
show S -*0in L£M ^ g ' -»■ in J? £ (M' C ,L). Now, g in L£M 
if and only if for I' e P,m' e Q,P and Q being arbitrary equicontinuous 
sets of L' and M' respectively, we have £{l',m') -*■ uniformly. &' 
tends to 0, if and only if for m' in any equicontinuous subset, say R 
of M', (f'(m') -> in L or for I' in any equicontinuous set S of L', 
(S"(m'),l r ) -*■ uniformly. This is precisely equivalent to <8 (l',m') -*■ 
uniformly for (/', m') e Px Q,P and Q any equicontinuous subsets ofL' 
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and M' respectively. Hence £ -+ in L£M S" -> /n 3f£(M' c ,L). 
This proves proposition \4.1\ 

Examples of the ^-product of a space of distributions and an ELC. 

1) @'£E a J%(££, w J%(#; £) (by proposition Sj}. 

But we have Qs'{E) « ^^{&;E) topologically for in consid- 
ered as the dual of bounded sets are equicontinuous. 

2) J^'££ m 5g e {y\E) m SfiE'^S") and S?'(E) « for 

m JS%(^;£) topologically since J? 7 ',^ 7 are Montel 

spaces. 

3) ff M SEf»Sfe{E' c \ff M ). 

(For the definition of the spaces 5? ,5?' ,&m,G c ,@' m ,&' c refer: 
Theorie des distributions, Tome ii). 

4) <T(£) m and « JSfg « JSfg(^,0- 

Covariance property of the 5 -product. 16 

Let u : Li -> L2 and v : Mi -> M 2 be continuous linear maps, 
L\,M\,hx and M 2 being locally convex Hausdorff topological vector 
spaces. We shall now see how with u and v a continuous linear map, say 
u£v : L\£M\ -*■ L 2 £M 2 can be associated. There are, in fact, three ways 
of defining this map according as we consider the three forms of writing 
the ^-product, namely L\£M x ,£? e {M' c ,L x ) and & e (L[ c ,Mi). 

Definition 4.3 1. Let (l' 2 ,m' 2 ) <eL' 2 xM' 2 and £ e L X £M X . Let (u£v)(£) 
be the bilinear form 77 defined by 

^(/ 2 ,m 2 )^(' M (/ 2 )/v(m 2 )). 

We now prove that rj e L 2 £M 2 . For this we have to only prove hypocon- 
tinuity of rj with respect to the equicontinuous subsets of L' 2c and M 2c . 
Suppose 1' 2 lies in an equicontinuous subset of L' 2 . Then there exists a 
neighbourhood U 2 of§ in L 2 such that \ili,l' 2 )\ < I for l 2 € U<i- Since u 
is continuous, U\ = u~ l (U 2 ) is a neighbourhood of in L\ and for any 
l\ in U\ we have \{l\,t u (l' 2 ))\ - \{u(l\), l 2 )\. But u(l\) - l 2 e U2. 
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4. The £-product of two locally convex Hausdorff spaces 



Hence \(li,t u (l' 2 ))\ < I for every l\ e U\. Hence the set {'u{l' 2 )\l' 2 £ 
an equicontinuous subset ofL' 2 } is an equicontinuous subset ofL[. Let 
m' 2 -*■ in M' 2c . Then since t v ■ M' 2c -> M\ c is continuous, ^(m^)^ in 
M[ c . Hence S'^ t u(l 2 ); t v(m 2 )^ uniformly ifl' 2 lies in an equicontinu- 
ous subset ofL' 2 and m' 2 -> in M' 2c . Similarly we prove the other part 
of the hypocontinuity. 
17 Thus i] 6 L 2 £M 2 . The mapping $ -> n is denoted by uEv. 

Definition 4.3 2. Let S e 5£ £ {M' lc ,L\). Let u : Li -> L 2 a/to" v : Mi -> 

M2 /3e continuous linear maps. Then t v f an J J, w are continuous linear 

M' U 

2c 

maps. $ ■ M[ c L\ is continuous linear. The composite rj = u o $ o t v : 
M^, -> L2 ?J a continuous linear map and hence 77 e Jjf (M' 2c ,L 2 ). With 
$ e ^:(Mj c ,Li) we associate the element rj e Jz^M^,,/^)- 

Definition 4.3 3. Lef <f e jSfe(Lj c ,Mi). t„ : L[ c <- L' 2c ,v : Mi ->• 
M2 continuous. Hence the composite n - v o £ o t u : L' 2c -> M2 zj a 
continuous linear map. With £ e Jzff(Z/ lc , Mi ) we associate the element 
neJZsiL^Mz). 

Proposition 4.2. The above three definitions give one and the same el- 
ement rj ofL 2 £M 2 * 5? £ (M 2c ,L 2 ) * ^ £ (L' 2c ,M 2 ). 

Proof. Let us, for the sake of clarity, denote the elements got from def- 
initions 4.3 fl}, 4.3 © and 4.3 © by 771,772 and 773. Our assertion will 
be proved if we show 

n x {l' 2 ,m' 2 ) = (m(m' 2 )J 2 )L 2 ,L> 2 = (m(l 2 ),m 2 )M 2 M 2 - 

Now, m (l' 2 ,m' 2 ) = ^'u(f 2 y 'vim'^ (i) 

(m(m 2 ),l' 2 }L 2 ,L' 2 = {u°S ° t v{m' 2 ),l' 2 ) L2 ^ 2 

^C^'^K)) (ii) 
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Similarly W 2 \m^) MlM ^ S (t u(l' 2 )"v(m' 2 )^ (iii) 
A comparison of (Q), (EJ), and ((TTxJ) gives the required proposition. □ 

Proposition 4.3. If u ■ L\ -*■ L 2 and v ■ M\ -*■ M 2 are injections u£v ■ 
L\£M\ -> L 2 £M 2 is also an injection. 

Proof. We have to show that (u£v)S\ = => Si = 0. Now {u£v)S\ = 
( t u(l' 2 )\S > \\'v(m 2 )}. Since u and v are injections, t u (L' 2 ) and t v (M 2 ) are 
dense in Lj and Mi . Hence <fi which is a separately continuous bilinear 
form, is zero on the product t u (L' 2 ) x t(M 2 ) where t u {L 2 ) and t v (M 2 ) 
are dense subspaces of L\ and M[. Hence S\ = 0. (See Bourbaki, EVT, 
Chap. Ill, § 4, No. 3). 

In fact, one can even show that ifu -L\-+L 2 and v : M \ -*■ M 2 are 
monomorphisms, u£v ■ L\£M\ -> L 2 £M 2 is a monomorphism. That is 
to say if we assume that u : L\ -*■ u(L\) is a topological isomorphism 
with the topology induced on u(L\) by L 2 and v : Mi -> v(Mi) is a 
topological isomorphism with the topology induced by M 2 , then u£v : 
L\£M\ -> w£v(Li<?Mi) is a topological isomorphism with the induced 
topology. 

Also we have L® M c L£M. The topology on L ® M induced by 
M is called the f -topology and provided with this topology L <g> M is 
denoted by L®M □ 

Proposition 4.4. 7/T and M are complete, L£M is complete. 

Proof. Let (<#)) be a Cauchy filter on L£M. This Cauchy filter gives rise 
to a Cauchy filter, which also we denote by on Jz?£ (L',M). Since 
M is complete it follows that there exists a linear map S ' : L' c -*■ M such 
that (f, converges to <f uniformly on every equicontinuous subset of L'. 
Similarly {Sj) defines a Cauchy filter on J2?g(M' c ,L) which also we de- 
note by {Sj) and this defines a linear map S' : M' c ->■ L. Also trivially <f 
and S' are transposes of each other. Now, every equicontinuous subset 
of L' is contained in a compact (for L' c ), convex, equicontinuous subset 
of L' . Since the restriction of S to every equicontinuous subset of L' 
is continuous, it follows that the image of every equicontinuous subset 
of L' by S is contained in a compact convex subset of M. This proves 
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4. The £-product of two locally convex Hausdorff spaces 



that S" : M' c -»■ L is continuous. Similarly £ : L' -»■ M is continuous. 
Consequently <f e L£M. □ 



Lecture 5 

The Approximation Property 



Definition 5.1. We say that an ELC L has the approximation property 20 
ifL'®L is dense in ££ C (L, L). 

Trivially if the identity map I : L -*■ L is adherent to L' ® L in 
Jz? c (L,L), L has the approximation property. In fact, if I is adherent 
to L' ®L in ££ C (L, L), we have L'®M dense in ££ C (L, M)for every ELC 
M. 

The spaces 9, 9', S , & ', @ m ,L', (9') io \ SP ,2" , e M and G[ have 
all the approximation property. It is not known whether Ql' m with the 
strong topology has the approximation property or not. 

Proposition 5.1. If L or M has the approximation property, we have 
L®M dense in L£M. If for every ELCM, L®M is dense in L£M, then 
L has the approximation property. 

Assume that L has the approximation property. We have to prove 
that continuous linear maps from M' c -*■ L of finite rank are dense in 
Jz?£ (M',L). Since L has the approximation property, we can find a filter 
(vj) of maps of finite rank ofL into L converging to the identity map in 
J£ C (L\L), i.e., the filter (vj) converges uniformly to I on compact discs 
of L (disc = convex, stable subset). Let u e ^s{M' c L) = LSM. Since 
every equicontinuous subset ofM' is contained in a compact disc ofM' c , 
the filter (vy o u) converges uniformly on equicontinuous subsets of M' c 
to u. Also vj o u are maps of finite rank of M' c in L. Hence the required 
result follows. 

Conversely, suppose L® M is dense in LSM for every ELCM. Tak- 21 
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5. The Approximation Property 



ing for M the space L' c , we have L® L' c dense in L£L' C . The topology 
of (L' c )' c is finer than that ofL, though algebraically they are the same. 
Hence I : (L' c )' c -*■ L is continuous and hence it can be approximated 
by continuous maps of finite rank of L in L on equicontinuous subsets 
of (L' c )'. Any convex, compact stable subset of L is equicontinuous in 
(L' c )'. This proves our proposition. 

As pointed out in the previous lecture, we have 

(1) ®'{E) « ®'£E » ££ 5 {9,E) * % £ (E' C ,®') 

(2) y'(E) » y'SE » ^ 6 (y,E) « & S (E' C ,<9"), and 

(3) <T(£) « S'EE m Sf s (£,E) « Sf £ (E' c ,£'). 

Definition 5.2. Let T be an E-valued distribution. The support of T 
is, by definition, the smallest closed set Q. c R n such that if ip is any 
C°° function with compact support whose support is contained in the 
complement ofQ, we have T (tp) = 0. 

Remark. An element of £'{E) need not have compact support. In fact, 
the identity map / : £ ->■ $ is an element of $'($). It does not have a 
compact support. For, if it had a compact support K, every continuous 
image of / will have its support in K. In particular, every scalar-valued 
distribution with compact support, being a continuous image of 7, will 
have its support in K, a fixed compact set, which is absurd. 

However, if an .E-valued distribution T has a compact support, T e 
£"(E). In fact, ' ~f ■ E' c -» 9' maps E' c into g '. 

22 Proposition 5.3. IfE has a neighbourhood ofO which does not contain 
any straight line, then every element of S"(E) has a compact support. 

Proof. Let V be a neighbourhood of in E not containing any straight 
line and T : $ -»• E a continuous linear map. Since T is continuous, 
3 an integer m > 0, a compact set K and an s > such that for every 
tp e S with sup \D p <p(x)\ < s we have T (cp) e V. Let if/ e 9 

\p\<m,xzK 



23 



with support in the complement of K. Then sup \D p Aif/(x)\ = and 

\p\<m,x£K 

hence AT (if/) e V for every A. Since V does not contain any straight 
line, T (tf/) = or the support of T is contained in K. Therefore T has 
a compact support. □ 

Corollary. E having a neighbourhood ofO not containing any straight 
line is equivalent to saying that there exists a continuous semi-norm on 
E which is a norm. 

IfE is a normed space, then any T e S'(E) has a compact support. 

Definition 5.3. The space of E-valued distributions with compact sup- 
port is denoted by £'(E). 

We have $'(E) c S"(E) algebraically. 

Definition 5.4. § m (E) is the space of m-times continuously differen- 
tiable functions from R" to E. 

Proposition 5.4. We have the algebraic inclusion S m (E) c § m (E). 

Proof. Let T be a continuous linear map &'™ -> E. Let / be an E- 
valued function defined as follows: / (a) = T(6 a ). Now the map a ->• 6 a 23 
is an m-times continuously differentiable function of R" with values in 
S' c m and T is a continuous linear map. Hence / is an m-times continu- 
ously differentiable function. We show that T is the distribution defined 
by the function / . We have 

(/, V)(«) = (7(a), V) = (T(6 a ),T) = 6 a ((T,r')) 

= (T ,*e')(a) (as a function) 

□ 

This proves our assertion. 
Proposition 5.5. IfE is complete, i m (E) = S m (E). 
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5. The Approximation Property 



Proof. If we prove that § m {E) c S m {E). we are through, because of 
proposition 15.41 Let / e § m {E). Since £ is complete, / can be used 
to define a distribution / (tp) = J f (x)ip(x) dx. It is evident that the 

R" 

above distribution / scalarly belongs to S m . Now S m does not satisfy 
the ^-property. We cannot immediately conclude that / e S""(E). We 
have to prove that the map E' c -> S m defined by / is continuous. Sup- 
pose e ' -*■ in E' c , we have to show that ( / , e ') -*■ in <f m , i.e., 
D p ( / , V) -> uniformly on every compact subset c /?" for \p\ < m. 
But D p ( f , *e') = (D p f, V) for |p| < m. For each p with \p\ < m, the 
set of values D p f (x), x e A' is a compact set in Z?. Since E is complete 
the convex, stable, closed envelope of the set {D p f (x)} is compact and 

xeK 

so, (D p / , V) ->■ 0, \p\ < m uniformly for x € K. □ 

Characterization of S m {E). In the general case, one sees that <§ m (E) 
is the set of all m-times continuously differentiable functions / satis- 
fying the following conditions: For each p with \p\ < m, and for each 
compact set K c R", the convex, stable, closed envelope of D p f (K) is 
compact in E. 

24 Let E be a complete ELC. Let § denote the space of holomorphic 

functions on R 2n provided with the canonical complex structure. We put 
on § the topology induced by that of S °. Let §(£") denote the space 
&E. 

Definition 5.5. Any element f e §(£") is called a holomorphic function 
with values in E. 

Proposition 5.7. Let f (z) be an E-valued function such that for every 
e ', the function tp§ defined by <p*rr(z) = (f(z), e ') is in §. Then 
f e and we have a formula similar to the formula ofCauchy: 



7« = 2^ / 
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Proof. Since § has the ^-property, if / belongs scalarly to §, / be- 
longs to §(£"). This proves the first part. To prove the second part we 
see that for every V e E', (p-^-, being a scalar- valued holomorphic func- 
tion, we have 



<M0 



m J c- z 



That is to say, (~f(z), V') = — J 



at 



2;n J \ £ - z 

/J_ r ?(Q 

\2mJ f- z 



Hence f (z) = ± f ^d£. 

□ 
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Lecture 6 

Operations on Vector valued 
Distributions 



E will always denote a complete E L C. 25 
Differentiation of vector valued distributions. 

_^ QPl+-+Pn 

Let T e 3>'(E). Let D p be the operator — K , s- where p is 

the «-tuple (p 

!■> pi-, ■ ■ ■ ■> Pn)- D p T is defined to be the map, which maps 
ip e S> into ~T(D p (p) e £ It is easily seen that D p 7 is an ^-valued 

distribution. _ 

We have (D /;| T , e' ) = D p ( T , e'). This follows from the very defi- 
nition of D p . 

Scalar product. 

Let J(f be a normal space of distributions. Then JtfJ is a normal 
space of distributions (Proposition 14. II ). Let us denote by S.T the scalar 
product of any element S e M' and any element T e '. Let now 
~S e (£) and T e J*". 

Definition 6.1. 5 e J4?(E). Hence S can be considered as a contin- 
uous linear map of M'J in E. Hence ifTe J$? c r , S (T) € E. We define 
S \ T to be the element S (T) ofE. 

Definition 6.2. Let S e Jt(E). Then ' S : E' c -*■ Jff 1 is a continuous 
linear map. We have agreed to denote by (S , e') the element ' S (e r ) 
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6. Operations on Vector valued Distributions 



ofJ^f. Let T e M" . Then S >[T is defined to be that element of E which 
satisfies 

(S 2 .T,V) E ,E' = ( , ?Ce')' r )jeje> 

= (s,r')-T 

Definition 6.3. Let ~S e c E and T e M". Then T : J^f ^ C and I : 

E -> E are continuous linear maps. Hence Tel: r Jtf? cE^-CcE-E 
is a continuous linear map (Definitions 4.3 0, 4. 3 (0 and 4.3 ©). We 
define S 3.T to be the element T e I(S ) ofE. 

Proposition 6.1. The elements S (T, S ^T and S 3 T ofE are all equal. 

Now (Sx.T,t') E ^ = (S{T),f) = (r.'s" (V'))*vr 
= (5 2-T,*e')E,E'- 

This proves 5 i.T = S %-T. 

Also • r, V> £ ,£/ = (r e V>b,b'- 

Proposition 14.21 gives T e I(S ), considered as an element of C c E or 
as an element of Jt? £ (Cc',E), is the same as the composite of the maps 

'T :C JP^JfJ E and I : E -» E. 
Hence (T eI(S), V)^/ = (7° 5^ o * r (l), 
Also 5 °?r(l) = 5 (T). Hence we have 

(iot o tT (\),r') E , E , = (~s(T),r') 

= (t 1 .T, < e-'). 

Hence S 3 T = 5 jT. 

As example, we see in the following situations we can define a scalar 
product: 

1) T t@'(E),<pt® ; 2) f e @' c m (E),(pt 

3) 7 f e^'(£),^e^ ; 4) f ef(£),^f; 

5) ^ef(£)Jef ; and 6) ^r(£),Tef"". 
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Properties of the scalar product: 27 

Proposition 6.2. If T belongs to an equicontinuous subset of M" and 
S tends to in r Jtf?(E), S ■ T tends to zero uniformly in E. 

Proof. Now, S £ Jif s (Jt c 'E), the e-topology being the topology of uni- 
form convergence on equicontinuous sets of ffl" . Hence when T lies 
in an equicontinuous subset of 3%" and 5 tends to in Jif(E), S (T) 
tends to uniformly in E. But S ■ T = S (T). Hence S • T tends to in 
E uniformly with respect to T in an equicontinuous subset of J4? ' , when 
tends to in Jf(E). □ 

Proposition 6.3. If S lies in a compact set of J4?(E) and T tends to 
in JffJ and ifJ(? is complete, then S ■ T tends uniformly to in E. 

Proof. Let K be any compact subset of J^f(E) = J^ £ (E' c Jt?) . If A is any 
equicontinuous subset of E' c , U S (A) lies in a compact subset of J$f. If 

SeK 

SeK and e ' lies in an equicontinuous subset of E', we have to show 
that (S (T), e '} tends to uniformly as T -> in JffJ. We have 

(/,V)-r = (/(r),V). 

That is to say (S (T), e ') = T((S , V')). From what has been said 
above ( S , e ') lies in a compact subset of Jtf. Since J4? is complete, 
the convex stable envelope of a compact set is compact. Hence if S 
lies in a compact set of J4?(E) and *e' lies in an equicontinuous sub- 
set of E',(S ,*e') lies in a compact disc of Hence if T -*■ in 
Jt? c ', r((S,V))->-0 uniformly. This proves proposition [63] □ 

Proposition 6.4. If S belongs to a bounded subset of Jt?(E) and T 28 
tends to in the strong dual Jtfg then S ■ T tends to uniformly in E. 

Proof. It suffices to show that when V lies in an equicontinuous subset 
of E',(S ■ T, V) tends to uniformly. Let 5 remain in the bounded 
set B of (£). Now Jf(E) « 5? e {E' c , J?).lfB is bounded in Jif(E), 
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6. Operations on Vector valued Distributions 



then U S (H) is a bounded set of whatever be the equicontinuous 

subset # of E' c . We have (ST, V) = (S,*e~').T = T((S, V}). When 
e ' lies in an equicontinuous subset of E' and 5 lies in a bounded set B 
of J^f(E) we have seen that ( 5 , e ') lies in a bounded set of Since 
r -> in J^' we have T(( S , *e')) -*■ uniformly with respect to S in 
a bounded set of J%?(E) and e ' in an equicontinuous subset of E'. This 
proves proposition [631 □ 

Combining propositions l6.2l and l6.4[ we get the following 

Proposition 6.5. The mapping (S ,T) -*■ S T of J4?(E) x J$?J ->■ E 
is a bilinear map hypocontinuous with respect to the bounded subsets of 
Jif(E) and equicontinuous subsets of 3%" . 

Proposition 6.6. For any element of the form S~e in Jt(E),S e M 3 , 
e e E, we have S e T = S T e . 

Proof. To prove this we have only to verify that 

{S~e T, *e') E ,E> = (S ■ T~e, *e') E ,E r 

for every V e E'. Now 

(S~e-T,*e~ r ) = {S~e(T),*e') - (S ■ Tit, *e'). 

29 When J4? satisfies the approximation property, we have a characteriza- 
tion for the scalar product that we have introduced. □ 

Proposition 6.7. Let Jtf? satisfy the approximation property and E be 
a complete ELC. The bilinear map that we have defined is the only 
bilinear map which is separately continuous and which satisfies U e ■ 
T = (U ■ T)~e, for every U e Jf?,~e e E and T e JffJ. 

Proof. We have already seen that the bilinear map defined by us is sep- 
arately continuous and satisfies U e T = (U ■ T) e . 

Suppose there exists two bilinear maps, say p\ and pi of J^(E) x 
JffJ — >■ E which are separately continuous and satisfy p.\(S~e ,T) = 
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(S,T)~e and fi 2 (S~e,T) = (S,r)~e for every S e JT, ~e e E and T e 
M" . Since MP ® £" is dense in (£), the equality of and /12 on 
( Jf 7 ® £") x J^"/ and the separate continuity of /^i and ^2 give /xi = hi on 
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Lecture 7 



Multiplicative product of a 
vector valued distribution 
and a scalar valued 
distribution 

Let 3ff , K and Jzf be three spaces of distributions on R". 30 

Definition 7.1. A bilinear map U of 3^ x -*■ Jzf which is separately 
continuous and which coincides with the multiplication of functions on 
SH x- SH is called a multiplication between the elements of J^f and the 
elements of <%f with values in Jzf. 

IfS eje,TeJf,we write S UT for U(S,T). 

Theorem 7.1. Let Jff and Jzf be any three locally convex spaces. 
Let E be a complete ELC. Let U ■ x y(f -> Jzf be a bilinear map 
hypocontinuous with respect to the bounded sets of ^ and 3% '. Then 
we can define a bilinear map U : Jt?(E) x -> Jzf (£") which is sep- 
arately continuous and which satisfies S e UT = (S UT) e for every 
S e J^, e e E and T e J?T; moreover it is hypocontinuous with respect 
to the bounded sets ofJ^(E) and J^. 

IfrJtf? satisfies the approximations property, the bilinear map that we 
define is the only bilinear map which is separately continuous and which 
satisfies S e UT = (S UT) e for every S e J^, e e E and T e J^. 
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7. Multiplicative product of a vector.. 



Proof. Let T be any element of J?T. Then it defines a continuous linear 
map mj : -> if as follows: mj(S) = SUT for every 5 e J^ 5 . Let 
I ■■ E E be the identify map of £" in The map mj e 7 : Jf?(E) -*■ 
■Sf(E) (for the definition of e / refer to Lecture H]) is a continuous 
linear map. We define 5 UT to be mj e /( 5 ) for every 5 e J4?(E). 
We shall prove that [/ thus defined has all the properties mentioned in 
the theorem. □ 

31 We have Jf{E) « & S {E' C , M?) w if s (J^', £). From definitions 4.3 

(Q}, 4.3 © and 4.3 ©, we have the following results. 

(i) Considered as an element of ££ e {E' c , if), mr 6 7(5 ) = 5 t/7 7 is 
the same as the composite of the maps 

& : E£ E 'c> ~S ' ■ & \m T ■ ^ & 

where tj is the transpose of the identity mapping of E in E; in 
other words, tj is the identity mapping of E' c . 

(ii) Considered as an element of if e (if c ',i?),jrar 6 7(5 ) is the same 
as the composite of the maps 

t mT : if c ' 4%, ~S :J%' ^E,I:E^E, 

S being considered as an element of if £ ( J£f/, E). 

First we shall show that U is hypocontinuous with respect to the 
bounded subsets of J4?(E) and Jf. Let S remain in a bounded set of 
Jf(E) and T -» in Jt. To show that ~SUT tends to in if(£) = 
if £ (/i',,if), we have to prove that if e ' lies in an equicontinuous set 
of E', S UT(e ') -*■ uniformly in if. Since S lies in a bounded set 
fi, t/( S , V), // being an equicontinuous subset of E', is bounded in 

~SeB,T'£H 

. Hence ( S , *e')UT tends to uniformly in if. But one sees easily 
that{5\ *e')UT = ~SUT{^'). Hence S"t/T(V) -* uniformly in if . 
In other words, 5 t/T tends to in if (£) uniformly when 5 remains in 
a bounded set of J4?(E) and 7 1 -> in . 
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Now suppose S -»■ in 34?{E) and T remains bounded in 3tf . Then 
for e ' lying in an equicontinuous set H of E', ( S , *e') -*■ uniformly 
in 34? and hence when T lies in a bounded set of Jf, ( S , *e')UT = 
~SUT{^') -> uniformly in J??. Hence S^r -> in Sf(E) uniformly. 32 

It is trivially seen that S~eUT = {SUT)~~e for every S e 34?,~e e 

£, r e jr. 

Now suppose 3V satisfies the approximation property. Then U : 
34?(E) x ->■ J?(E) is the only bilinear map separately continuous and 
satisfying S~eUT = (SUT)~e for S e Jf , ~e € E and T e Jf. For if 
[/' is another such bilinear map, we have [7 1( 3V ®E)y.3(? = JJ'\ {34?® 
E) x 3f . Since Jf ® E is dense in 34? (E), we have U - U' from the 
separate continuity of both t7 and U'. This proves our theorem. 

Proposition 7.2. Lef Jf awe? fte normal spaces of distributions and 
3f a locally convex Hausdorff topological vector space. Let U : 34? x 
be a bilinear map hypocontinuous with respect to bounded 
subsets of 34? and 3t '. For each T e 3(? let mj ■ 34? «5f be the 
mapping defined by mj(S) = SUT. Then t mj : Jzf c ' -»■ 34?^. is linear 
and continuous. Let a e ££' c . Let us denote by Jzf the scalar product 
between Jz? and Jzf/ and by 3V the scalar product between 3V and J^'. 
Let us denote by the same symbols the extensions to jSf (£") and Jzf/ and 
to 34? (E) and 34? c '. Then 

S jfTa = ( S UT) cpa, where Ta = t mT (a). 

Proof. We have to only verify that for every e"'e£', (5 ^f - Ta, V) = 
((StJT)^-a,^'). 

we have (5 & -Ta,*e') = (S ,*e')^ Ta = {S , *e')^ ■ t mj (a) 

= m T (S, t')se ■ a = ({S ,*e-')UT)jz ■ a 
= (SUT,t')#-a= (SUT#-a,t'). 

□ 
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33 Examples of multiplicative products. 

1) The multiplicative product oT defined for a e £ and T e $>' as 
aT{(p) = T(a<p) for every y € ^ is a bilinear map <f x 3?' -»■ 

which is hypocontinuous with respect to bounded subsets of 
£ and . (Ref: Theorie des distributions, Tome 1, pp. 117, 
Chap. V, § 2, Theoreme 3). If E is any complete ELC we can de- 
fine bilinear maps, hypocontinuous with respect to bounded sets, 
as explained in Theorem 17. II in the following cases: 

(a) 9'{E) x g -+ @'(E) and (b) & x g(g) -> &'(E). 

2) If a e G M and T e y' the multiplicative product e y'. The 
mapping (a,T) -*■ o-r of x «5^' -> is hypocontinuous 
with respect to the bounded subsets of &m and of J?*". If E is any 
complete ELC, as explained in theorem lTTTl we get a bilinear map 
which is hypocontinuous with respect to the bounded subsets, in 
the following cases: 

(a) y'(E) x &m ~* y'(E) 

(b) .9" x & M {E) y'(E). 

The Convolution product. 

If U : J4? x -> jSf is a separately continuous bilinear map of 
J^ 5 x in ££ , where J^ 5 , and Jz? are three locally convex Hausdorff 
spaces and if E is a complete £XC we can define a bilinear map U : 
J$?(E) x ->■ „£f(2s) as explained in theorem I7TT1 We take any fixed 
T e J(f and consider the continuous linear map mj e / : Jif(E) -*■ 
=£? (is), where my : ->• =5f is the continuous linear map 5^5 t/r 
and / : E -*■ E is the identity map. This can be applied to the product 
of convolution. We get then products of convolution of certain vector 
valued distributions by certain scalar valued distributions. 

34 For example, we can define convolution in the following cases: 

(i) y\E) x@ c -+ y'(E). 



(2) J" x C (E) -* ,9"{E). 
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Regularization: 

Definition 7.2. The mapping (T,a) -»■ r*or o/^' x @ -> <f w ca/ZeJ ?/ze 
regularization. 

If E is a complete ELC we can get a bilinear map S>\K) -> 
S{E) as explained already. This bilinear map is called the regulariza- 
tion in the case of vector valued distributions. 

As in the scalar case, we have T *a(x) = T g.a(x - t;) where ■ de- 
notes the extension of the multiplicative product. In fact, this is proved 
by forming the scalar product with any e ' € E'. 

Let S° and S>° denote the space of continuous functions and the 
space of continuous functions with compact support with their usual 
topologies. For f e <§° and g e Ss° we have f ' * g e <§° and we have the 
formula 

f*g(*) = f f{x-e) g {£)d$ a) 

R" 

Now suppose E is a complete ELC. We have a convolution $°(E) x 
S>° -+ g°(E). Suppose we take ~f e <g°{E) and g 6 S>°, we have a 
formula similar to (1), namely 

7*g(x) = J7{x-t)di;. 

R" 

Proof. We have, for every V e E' 

(7*g(x),r , ) = (7* g ,r , )(x) 

( / , V) * g is the convolution of the function ( / , V) e S° and gs3>° . 35 
We have, therefore, 

(7,*e')*g(x) = f(7,*e')(x-t)g(t)d£ 

R" 

= f (7(x-^), < e-')g^)d^ 

R" 
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= f <7(*-£)*(f),v># 

R" 

= lf 7(x-£)g(.f)dZ,t'\. 

Hence (? * g(x),t) = (/ ?(x - ) V 



This gives / * g(x) = J f(x- 

R" 



Lecture 8 

Fourier Transform of a 
vector valued distribution 

One knows (Theorie des distributions, tome 2, § 6, Chap. VII) that the 36 
Fourier transform & is a topological isomorphism of 5?' on S?' , and 
the inverse of & which is also a topological isomorphism is called the 
conjugate of & and is denoted by #. 

Definition 8.1. Let E be a complete ELC. Let I be the identity map of 
E. The continuous linear map & e / of J?"(E) in ,y'(E) is called the 
Fourier transform of y'{E) into itself. 

Using the fact that J? is the inverse of & and that (jF 6 e 
/) = ^# € I we see that <F e / J?"(E) y'(E) is in fact an auto- 
morphism. We agree to denote the automorphism also by 

Proposition 8.1. For T e <¥"(E) and tp e 5? we have 

^T(ip) = ~T(^<p). 

Proof. The Fourier transform of any T e S^' is defined exactly by the 
equality ^T{ip) = T(j^<p), for every ip e 5?. To prove J? T (<p) = 
T (<^<p) we have to only form the scalar product with any e ' e E' and 
apply the equality &T(<p) = T(^ip), for any T e y',<p e 5?. In fact, 

{&T = (&T,*e-')(<p) = &{T,r')(<p) 
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= (T,r')(&<p) = (T(&<p),t'). 

This proves ^T{ip) = T(^<p). □ 

Proposition 8.2. For every T e y'(E) and s e G M we have T ■ 
s) - J£"( T ) * J£ s where T ■ s denotes the multiplicative product of 
~T ey"(E) andst 6. 

M 

37 Proof. One knows (Theorie des distributions, tome 2) that the multi- 
plicative product T ■ s of any T e 5?' and s e &m, is an element of 5?' . 
Hence for any T e y'(E) and s e & M , T ■ s e <9"{E). Also one knows 
the validity of the equality • j) = &(T) * ^s for any T e J/*' and 
s e ^m- Now, for any V e 

(^■("f • J ),V> = ^(r'^,V'> 
= ^((r,V'>-^) 
= J^(7\ V) *& s 

= {&~T *&s, V). 

This gives the equality ^{T .s) = T ) 

We know that if / is a continuous function with compact support the 
Fourier transform &f is given by 



R" 



Proposition 8.3. /jf / « a continuous function with compact support 
having values in E the Fourier transform &(f) is given by {^(f)} 
(*) = / 7 {Z)e- 2ni Z x d%,E being a complete EEC. 

R" 

In fact, (&7(x), V) = ^(?(x), V) 
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= JT(/,V)(*). 

W/iera / is a continuous function with values in E and having a compact 
support, for every e ' e E',(f , e ') is a continuous complex valued 
function with compact support. Hence 

^</,V>(*) = f (f.r'Kfie-W'df. 

R" 

That is to say 38 

R" 

Hence 

&7{*) = J 7(t)e- 2n * x d{. 

R" 

Laplace Transform: 

Let t be a real variable. Let @' + denote the space of distributions with 
supports contained in the half-line [o, oo). On the space @' + we take the 
topology induced by that of 2)' . 

Definition 8.2. Let T e 3>' + . We say that T has a Laplace transform if 
there exists a real number g such that for g > £ we have e~^'T 6 5?'. 

There exist distributions T e 3>' + such that there exists no real £ 
with e~&T e y" for £ > For example, let a(t) be a C°° function 
with support in [0, oo ) which is equal to 1 for t > 1 . Let T be the 
distribution defined by the function e' ■ a(t). This distribution has no 
Laplace transform. 

Now, let T e We have the following three possibilities: 

1 There exists no real £ such that e~&T e . 
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2 For every real £ we have e e . 

3 There exists at least one real number 'a' such that e~ at T e 5?' and 
at least one real number such that <T fa r £ 5?' . 

Proposition 8.4. In case (3) there exists a real number £ such that 
for g > £ we have e~&T e 5?' and for % < £ we have e~&T £ 5?' . 
Moreover, for % > i; we have actually e~&T e G' c . 

39 Proof. If a is any real number such that e~ at T e J?" we have, for any 
p > a,e-P'T e y. In fact, e^'T = (e^T) ■ where a(t) 
is a C°°-function with a(t) = 1 for t > and a{t) = for t < -1 and 
< a{t) < 1. The function g-P-")' • ar(/) is an element of J? 7 and hence 
e~P'T which is the product of e~ at T and e^~ a ^a(t) is an element of J^'. 
If we put all the real numbers r such that e~ rt T £ y" into a class L and 
all the real numbers a such that e~ at T e J?" into another class R, from 
our assumptions, it follows that L and R are non-empty. From what we 
have proved above, it follows that the classes L and R determine a real 
number £ having the properties mentioned in the proposition. □ 

As for the other part, we will in fact, prove that if p is a complex 
number with Rip > % a e'P'T e ff' c . We have, e~ pt T = e^' , T.e-^' )t a{t) 
where a(t) is a real valued C°°- function satisfying a(t) = 1 for t > 
and a(t) = for t < -1 and < a(t) < 1. Let Rip = % > Choose 
real such that £ > > Then e^' f r e ^' and «-(^) f a(/) e ^ if 

> g. Hence e e G' c . 

Definition 8.3. In case (1) we say that T has no Laplace transform at 
all. In case (2) the whole of the complex plane is defined to be the 
domain of definition of the Laplace transform ofT. In case (3) the half 
plane Rip > is defined to be the domain of definition of the Laplace 
transform of T. 

In case (2) we can show for every complex number p we have 
e~ pt T e G' c . In fact, if Rip = we choose a real p such that £ > p. 

40 We then find a real with £ > > p.. Then e~ pt T = e^' t T.e^ p ^">a(t) 
where a(t) is a C°°-function satisfying a(t) = 1 for t > and a(t) = 
for t < -1 and < a(t) < 1. We have e^''T e S" and e< p ~^ a{t) e 
Hence e~ pt T e ff' c . 



43 



Proposition 8.5. Let there exist a real ^ such that for Rip > £ we have 
e~ pt T € y'. Then the mapping p -> e~ pt T is a holomorphic function of 
the complex variable p with values in G' c , for Rip > g . 

Proof Let Rip = % > Let be such that £ > > We have e - ^T = 
*T .e~( p ~% .a(t) where is a C°°-function which satisfies = 
1 for r > and ar(f) = for t < -1 and < a{t) < 1 for every t. 
We have e'^'T e y' and it is a fixed element of y' . The function 
p -»■ e~( p ~^ ^'a(t) is a holomorphic function for > with values in 
=5^. In fact, the derivative is -te~^ p ~^'a(t). That is to say 

( e -(p-?+h)t_ -(p-?)t } 
/i-0 [ A J 

my. □ 

The map y s > : y -»• ^ given by >y (s) = s', s' is a continuous linear 
map for every fixed 5' e Now <r p 'r is a fixed element of =5^' and the 
function p -> e~( p ~^ ^ ( .a{t) is a holomorphic function of the complex 
variable with values in and hence the composite of the linear map 
y e ~% 'T and the above holomorphic function is a holomorphic function. 
This proves our assertion. 

Definition 8.4. Suppose T e SH' + has a Laplace transform. The Laplace 
transform is then defined to be the function p -*■ F(p) = J e~ pt Tdt, 
which is defined in the domain of definition of the Laplace transform of 41 
T. 

In fact for p in the domain of definition we have seen that e~ pt T e 
G' c . Now 1 s {@" c )' c and tne integral / e~ pt Tdt is nothing but the scalar 
product \.e~ pt T by definition. In the domain of definition of the Laplace 
transform, we have p -»■ F(p) a holomorphic function of the complex 
variable p. 

Properties of the Laplace transform: 



Proposition 8.6. Let T e @' + have a Laplace transform. Let the half 
plane of existence of the Laplace transform of T be Rip > £ , in case 
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the whole plane is not the domain of existence of the Laplace transform. 
For any fixed ^ > £ the mapping n F(£ + in) defines an element of 
&M- In case the whole of the complex plane is the domain of existence 
of the Laplace transform, for every real £ n -*■ F(£ + in) is an element 

of&M- 

Proof. For any fixed £ > the function r\ -»■ F(g + in) is the Fourier 
transform of the distribution e^'T in 0' c and hence is an element of &m- 
In the second case for any fixed real £,77 -*■ F(J; + in) is the Fourier 
transform of e~&T e G' c and hence is an element of - 



M- 



Let T e S>' + . When T has a Laplace transform, the domain of exis- 
tence is usually denoted by Rip > a where either a is a real number £ or 
stands for the symbol -00. If 5 e @' + has F(p) as its Laplace transform 
in Rip > a we write S □ F(p). □ 

42 Proposition 8.7. L<?? 5 and T e ^ and 5 □ and T □ G(p). 

TTien 5 * r □ F{p)G{p). 

%>Max(a,b) 

Proof. For Rip = % > Max{a,b) we have e" pf 5 e ^ and e~ pt T e ^. 
Hence for > Max(a,b)S * T has a Laplace transform. If H(p) 
denotes the Laplace transform of S * T, for any fixed £ > Max(a, b) we 
have 

H(t + iij)=& v (e-#S*T) 

= & v (e-#S)& v (e-#T) 
= F{Z + in)G{$ + in). 
Hence H(p) = F(p)G(p). 



Corollary. T e □ ^(/?) implies T' □ p ^X/ 7 )- This follows 

{;>a i;>a 

from the fact that for the distribution S' the domain of existence of 
the Laplace transform is the whole of the complex plane and that the 
Laplace transform of 6' Q is precisely p. 

In fact 6' *T □ p F{p). But S' * T - T 1 . 
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Proposition 8.8. Let T e S>' + have a Laplace transform. Let the domain 
of definition be Rip > 'a' where either a is a real number or stands for 
the symbol '-oo\ 

If 'a' is real, for any e > 0, in the half plane Rip > a + s we have 
a uniform majorisation < A(|/?| 2 + \) k ,F(p) being the Laplace 

transform of T. If V stands for the symbol '-oo', for any real £ we 
have \F(p)\ < A(\p\ 2 + \) k in the half plane Rip > We admit this 
proposition. 

Proposition 8.9. Suppose F(p) is a holomorphic function of the com- 
plex variable p defined in some half plane, say ^ > t;°. 

Suppose for every £> Owe have a uniform majorisation for F in the 43 
half plane %>% +£, of the type \F(p)\ < A(\p\ 2 + l) k , then F{p) is the 
Laplace transform of some distribution T e *&' + . 

Proof. Let p - ^ + irj with £ > £ + e and k < -1. Let 



The function fe(t) does not depend on £ as long as £, > + e. For, 
if we take the rectangle T bounded by the lines £ = g\ , £ = £2 and r\ = R 
and 77 = -R the integral 



f+£oo 



This integral certainly exists. We have, in fact, 




□ 




e pt F(p)dp -0 by Cauchy's theorem. 



r 



Now 
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T) = R 



-R 



where T[ is the portion of the line £ = %\ lying between the lines 
7] = 1Z, n = -TZ; T2 is the portion of the line n = -1Z lying between the 
lines £ = £1 and £ = &\ Ft, is the line £ = £2 lying between the lines 
7/ = -7£ and 77 = 1Z and so on. 

Now 

lim f \e pt F(p)\\dp\ = and lim f |e pf F(/?)| = 0. 
r 2 r 4 



2nn f eP'F(p)d P+ f eP'F(p)dp\ = 0. 



Hence, we have 

44 In other words, fa (t) - fa (t) = 0. Hence fa (t) = fa (t). We now show 
that if t < 0,f(t) = 0, where f{t) = fe(t) for any £ > £, + e. In fact, 
< f Allowing ^oowe have 

1/(01 <o. 



00 

l r 

Now, we have f(t) = — / e^F(^ + ir})e lT]t idrj{% > + e) 

-00 

00 
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Hence, 2ne~^f(t) = ^ n (F(£ + irj)). Hence 

F{% + ir 1 ) = & r ,{e-S , 2nf(t)). 



Hence 2ne &f(t) has for its //-Fourier transform the function F(g + irj), 
for any £ > £ + e,e > 0. Hence /(f) ^ Obviously f(t) defines 

a distribution in <&' + for f(t) = 0, for t < 0. 

Now suppose F satisfies < A(l + |/?| 2 )^ in £ > £ + e for any 

e > 0, k being an integer. The above is equivalent to assuming 

\F(p)\<A'\pf 

where k' is some integer and A' is some constant, for Rip > £ + e. Now 
is holomorphic in > Max(0,£ o ) = v (say), and for any e > 0, 
we have 



A" 

for > v + £, 



(i + H 2 ) 

A" being some constant. Hence by what we have proved, there exists a 
distribution V e 3>' + such that 

HenceT^OJ'*-*^)*?" □ F(p), and (<5' * ■■■ *8') * T e ^. Thus 45 

/t'+2 times ^ >v 

we see that there exists a distribution T. 6 which has F{p) as its 
Laplace transform in the domain of definition of its Laplace transform. 

That T is unique follows from the fact that the Fourier transform 
& : y -*■ y is an isomorphism onto. 
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Lecture 9 

The Laplace transform of 
vector valued distributions 

Let E be a complete EEC. Let T 6 S>' + {E). As in the case of scalar 46 
distributions we have the following three possibilities: 

1) There exists no real numbers $ such that e~ gi T e y'(E). 

2) For every real S we have e~ St ~T e ,9"{E). 

3) There exist two real numbers S' a and S\ such that we have e~ s °' 
~T e ,9"{E) and e~ glt ~T i y'(E). 

Proposition 9.1. In case (3) there exists a real number <§ such that for 
S > S a we have e'^T e ,9"{E) and for g < <§ we have e'^'T £ 
y'(E). 

Proof. This will follow immediately if we show that e~ M ' T e <¥"(E),n 
real, and v > fi imply e~ vt ~T e 

Atow, e- vt T = ^ f • e^ v -^a(t), 

where a(t) is a C°°-function which is 1 for t > 0, which is for t < 
-1, and which satisfies < a{t) < 1. Now e^T e y"(E) and 

g-^J'aCO e ^ and hence fT vf 7 6 0' C (E) c Thus, we 

have, in case (3), a real number <f G such that for & > S Q we have 
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e -St T e yi( E } and for g < g ot e -st T i y"( E y As m the case of 

scalar distributions, we say in case (1) the distribution T has no Laplace 
transform and in cases (2) and (3) it has a Laplace transform. In case (2) 
the whole of the complex plane is defined to be the domain of existence 
of the Laplace transform of T and case (3) the half-plane Rip > S is 
defined to be the domain of existence of the Laplace transform of T . u 

47 Proposition 9.2. In case (2) we have e~ pt T e tff' c (E) for every p, and 
in case (3) we have e~ pt T e &' c (E)for every p satisfying Rip > So- 
Proof. Case(2). For every V e E' , (e~ pt T, V) e 6^" and hence 
(e~ pt T , V) e G' c for every p, from what we have seen in lecture[8] 

Case(3). For every *e' e E' mdRlp > S Q we have (e~ pt ~T , *e') e y 
and hence (e~ pt T , V) e ^ for every p such that > S a . Now, since 
^ satisfies the ^-property we have the required result. □ 

Proposition 9.3. The function p -*■ e~ pt T is a holomorphic function 
with values in &' C {E) in case (2) and a holomorphic function with values 
in &' C (E), in the half plane Rip > S Q in case (3). 

Proof. Similar to the proof of proposition [83] □ 

Definition 9.1. Let T e & + (E) have a Laplace Transform. We denote 
the domain of existence of the Laplace Transform of T by Rip > a' 
where either 'a' is a certain real number S or stands for the symbol 
'-oo' . The function F (p) defined in Rip > S by 



with values in E is called the Laplace transform of T . The scalar 
product l.e pt 7 is the scalar product of 1 e {G' c )' c and e~ pt ~T e @[{E). 
The function p -> F (p) is a holomorphic function of the complex vari- 
able with values in E. 
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Proposition 9.4. If F (p) is the Laplace Transform of T e 3>'+(E), the 
domain of existence being Rip >: a : and if ' U e S>' + has G{p) as its 
Laplace transform, with Rip >: b : as the domain of existence T * U 
has, in Rip > Max(a,b) = a the function F (p) G(p) as its Laplace 
transform. 

Proof Now * U, V) = e- pt {(T,*e') * U} for every V 6 E'. 48 

Hence, for every V e (e^'f * U, V) = («-**("?, V» * e _p? t/. 
For > a we have e' pt (f,*e) e <ff' c and e ^ and hence 

e-P'if,^') * e -P'U€ G' c . 

Hence (e - ^ ~T * U, V) e G' c for > or and this for every V e 
Since ^ has the ^-property, we have tT^T* * U e G' C {E) c ,9"{E). 
Also the Laplace transform of ( T , V) * t/ is the same as ( F (p), *e~'} ■ 
G(p). This proves that 

T *U^F (p)G(p). 

Rlp>a 

□ 

We shall be only interested in the case when E is a Banach space. We 
shall now study the properties of the Laplace transform in this particular 
case. Notation. In what follows E is a Banach space. 

Proposition 9.5. T e 3>' + {E) is a distribution having F (p) as its 
Laplace transform with Rip > a as the domain of existence. Then if 
a is a real number, given any e > in the half plane Rip > a + e 
we have a uniform majorisation || F (p) ||< A(l + \p\ 2 ) k . If a stands 
for the symbol -oo then for any real number r we have a majorisation 
|| F (p) ||< A(l + \p\ 2 ) k in Rip > r,A being a constant > 0. 

Proof. First we prove that the following two statements are equivalent: 
1) There exists an integer k such that 

\\F(p) ||<A(1 + H 2 )' 



52 



9. The Laplace transform of vector valued distributions 



2) For every sequence of complex numbers pi,p2,P3, ■ ■ • such that 
\p n \ ->■ oo and for every sequence of real numbers a\,ct2,..., 
a n , . . . such that a n \p n \ k tends to for every integer k, the sequence 

|| F (p„) || a„ is bounded. 

49 Trivially (1) implies (2). We have to only prove (2) implies (1). Suppose 
(2) is satisfied and (1) is not satisfied. Given any integer n we can find 
a p n such that 

|| ~F( Pn ) ||>A(1 + H 2 )". 

Take for {a n } the sequence jj^n/2. Then obviously for every integer k, 
the sequence a n \p„\ k tends to 0. Hence by (2) we should have ^ r~%7 
bounded. But ^ f ^f") ^ > ^p-fep-. Obviously this sequence is not 

\Pn\ ' \Pn\ 1 

bounded. Hence (2) has to imply (1). 

Let T □ F(p). Then(r,V) □ ( F (p), e ') for every fixed 

<S>a' £>a' 

e' 6 E' . Hence there exists an integer p' e such that \(F(p), *e')\ < 
A^-,(l + l^] 2 ^ V' where A*^, is a constant > 0, uniformly in Rip > a + e 
if a is real or in Rip > r,r any real number if a stands for the symbol 

'-oo'. 

Now suppose {p n } is any sequence of complex numbers with \p n \ ->■ 
oo and suppose {a n } is any sequence of real numbers with a n \p n \ k -> 
for every integer k 

We have \{F(p n )a n , V| < A v ,(l + |^| 2 f v ' \a n \. 
Now as « oo, |ar B |(l + \p n \ Z ) V ' 0, and hence ( _F (p„)a„, *e') is 
a bounded sequence of points. Hence the set of points F (p n )a n is a 
weakly bounded set in E, and hence a strongly bounded set. Hence 
|| F (p n ) || | a n | is bounded. 

This completes the proof of proposition |9.5i □ 

Proposition 9.6. If F (p) is a holomorphic function of the complex vari- 
able p in Rip > $ with values in E and if we have a majorisation 

|| ~F(p) \\<A{\ + \p\ 2 f in Rlp>£, 



F (p) is the Laplace transform of a certain unique distribution T 
@+(E) in their common domain of definition. 

Proof. Similar to the scalar case. 
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Lecture 10 



Partial Differential 
Equations - Weak boundary 
value problems 

Heat conduction equation: 51 

Let Q be a bounded domain in R n with a smooth boundary S. The 
heat conduction problem in Q. with Neumann's boundary condition is 
the following. We are given smooth functions F(x,t)[x f (1,0 < f < 
oo], H(x,t)(x eO,0<(< oo ) and U (x)(x e CI). The problem is to find 
a smooth function U(x,t) continuous in ClX (0, oo) and differentiable 
in OX]0, oo) such that 

i) -AU(x,t) = F(x,t)(t > 0,x e Q)[AistheLaplacianin 

*"]; 

ii) for each fixed t > 0, U(x,t) and H(x,t) have the same normal 
derivative at every point of the boundary; 

hi) U(x,o) = U (x). 

Remark concerning condition (ii): Actually one is given initially a 
function h(x, t),x eS and it is required that U (x, t) satisfy the condition 

ii') = h(x, t) for x e S and every t. 
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10. Partial Differential Equations - Weak boundary... 



We shall, however, assume that there exists a smooth function H(x,t), 
ieO, such that 9H ]l'^ = h(x, t),xe S . 

Putting U - H = u, we are led to the following homogeneous prob- 
lem: Given f(x,t) and u (x) which are sufficiently differentiable find 
u(x,t) continuous in QX(0, oo) and differentiable in f2X(0, oo) such 
that 

52 i) d -^-Au(x,t) = f(x,t),t>0; 

ii) for each fixed t > 0, u(x, i) has vanishing normal derivative at the 
boundary; 

iii) u{x,t) = u (x). 

In the frame- work of Hilbert spaces, the above problem, in a weaker 
formulation, can be posed as follows. Consider the Hilbert space H 1 (Q) 
and the associated space N (See Lions :"On Elliptic Partial Differential 
Equations", Tata Inst, of Fundamental Research, Bombay, Lec. 6). 
Problem 1. Given a continuous function F(t)(t > 0) with values in 
L 2 (Q) and a function u Q e N, find a function u, with values in L 2 (Q), 
once continuously differentiable in t > such that for t > 0, 9jf - Au = F 
and such that u(t) -> u in as t -*■ 0. 

We shall transform this problem in the following way. Define u(t) 
(with values in N) by u{t) = u{t) for t > and u{t) = 0, t < 0. Consider 
u as an element of @' + (t,N) (space of distributions with values in N 
and with supports in (0, oo]. Similarly define F e &' + (t,L 2 ). Since 
we require u(0) = u Q , we must have % = + 5 t u , and problem 1 

reduces to 

Problem 1'. To find u 6 S>' + {t,N) with u once continuously differen- 
tiable in t > and = for t < and such that 

/ \ du _ ~ 

(*) Au-ou + F. 

dt 

Finally we may abandon the requirement that u be differentiable in t > 
and replace the right hand member of (*) by an arbitrary element of 
@'+(t,L 2 ). We then have 

53 Problem 2. Given T in @' + (t, L 2 ) find u in 9' + (t, N) such that 
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We shall treat only problem 2. We shall show that the problem ad- 
mits of a unique solution. But what we would have solved will only be 
a problem much weaker than the original problem we posed. To solve 
the original problem completely one has to show that u 6 @' + (t,N) that 
we have found is a differentiable function in t > and also one has to 
prove the regularity properties of u(t, x) as a function of x. 



10. Partial Differential Equations - Weak boundary... 



Lecture 11 

Weak boundary value 
problems 

We first formulate the generalized weak "boundary value problem". 54 
Problem 11.1. Q is a Banach space and Q' is its strong dual. V is 
a Hilbert space satisfying V c Q, V c Q' with continuous injections 
and a(u,v) is a continuous sesquilinear form on V. Let V be dense in 
Q. Then we can find a subspace N of V and a continuous linear map 
A ■ N -*■ Q' such that (Au,v) = a(u,v). (See Lions: "On Elliptic Par- 
tial Differential Equations", Tata Institute of Fundamental Research, 
Lecture 5). Let ~g e @+(t,Q'). We look for it 6 3>' + (t,N) such that 

Theorem 11.1. We follow the above notations. Assume that 

1) g has a Laplace transform: g □ G (p) for Rip > a. 

2) (u, u)V > Ofor u € V, where (, )y denote the scalar product in V. 

3) There exists an a > and a real S\ such that 

a\{u, u) + $ (u, u) > a \\ u \\1 for $ > £ \ 

where a\(u,v) is the real part of a(u,v) and \\ ||y denotes the 
norm in V. 
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11. Weak boundary value problems 



Then there exists a unique u e @' + (t,N) such that u has a Laplace 
transform and satisfies + All = ~g. 

Proof. G (p) is a holomorphic function with values in Q'. For every 
fixed p such that Rip > y = Max(£\,a) consider the equation 

(p + A)U(p) = G(p) (1) 

55 Since ai(u,v) + S{u,u) >|| u ||J for $ > S\ with a > 0, it follows (See 
Lions: "On Elliptic Partial Differential Equations", Tata Institute of 
Fundamental Research, Lecture 5) that the operator (p + A) : N -*■ Q' 
is an isomorphism for Rip > y. Hence there exists a unique U (p) e ,/V 

such that (Q} is valid. In fact, U (p) - (p + A) -1 G (p) for every fixed p 
with Rip > y. □ 

We shall next show that U (P) is a holomorphic function with values 
in N. For this we need the following general 

Lemma. Suppose N and Q' are two Banach spaces and L(P) a holo- 
morphic function in a domain Q. (in C) with values in 5£{N, Q'). As- 
sume L(P) has a continuous inverse ZT 1 (P) at every point p ofQ.. Then 
the function p -»■ L~ l (p) is a holomorphic function in Q with values in 
&{Q',N). 

Proof. For p, p + h e Q we have 

ZT 1 (p + h)- L- 1 (p)=L-\p + h) {L(P) -L(P + h)}L-\P). 

The norm of L' 1 (p + h) remains bounded as h -> 0. For if not, we can 
find a sequence {h n }n = 1,2, ... of complex numbers tending to zero, 
and a sequence X n of element in Q' such that 

ZT 1 (p + h n )X„ - A n >n and || X n \\ = 1 in Q 1 . 

Let Y n = f-. Then || Y„ \\ Q >^> and || L~ l (p + h n )Y n \\ v = 1. Let 
Z n = L~ { (p + h n )Y n . Then || Z n ||= 1. Now || L(p + h n )Z n \\q'=\\ Y n \\ Q > 
and this tends to as n -> oo. Due to the continuity of p -*■ L(p) we have 
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lim || L(p+h n )-L(p) ||=0. Hence lim || L(p)Z„ ||g'=0. But L(p) is 

invertible and || Z n || = 1. This cannot happen. Hence || L~ l (p + h) || is 
56 bounded as h -> 0. Hence lim || L _1 (p + h) - L _1 (p) || = 0. This proves 

the continuity of p -*■ L~ l (p) for p in Rip > y. □ 

We now prove the differentiability of the function p -> L (p) in f2. 
For and (p + h) € O, we have 

L-W/Q-L-'fr) = L _! (p + h) Hp)-n P + h) L _, 

h h 
Now, lim ZT 1 (p + /j) = L~ l (p). Hence 

/i->0 

h^O h 

where L'(p) is the derivative of L(p). 

Continuing with proof of theorem 111.11 we first remark that the 
function p -*■ p + A is a holomorphic function in Rip > y with val- 
ues in 3?(N,Q'). From U (p) = (p + A) _1 G(p) and the holomorphic 
nature of G(p) and (p + A) in Rip > y, it follows that U (p) is a 
holomorphic function of p with values in ,/V for Rip > y. 

The next step in proving our theorem is to show that U (p) is the 
Laplace transform of a well determined distribution u 6 S>' + {t,N) and 
that this ~u satisfies the equation (j + A)~u = ~g '. For any / e Q' we 
have v -> (/, v)g',Q to be a continuous linear functional on V. Hence 

(/, v) = (//, v) v where / : Q' -* V 

is some fixed continuous linear map. Let 

a p (u,v) = a(u,v) + p(u,v). 

The map v ->■ a(u, v) is also a continuous linear map of V in V. Hence 
there exists a fixed continuous linear map K : V -*■ V such that 



a(u,v) = (Ku,v)y- 
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1 1 . Weak boundary value problems 



Then a p (u, v) = (Ku, v)y + /?(w,v) 

= (^w,v)y + p{Ju,v)y (since V c 2') 
= {(K + pj)u,v) v . 

57 For each fixed in > y the element U (p) of N is nothing but that 
element of N satisfying 

a P (U(p),v) = (G(p),v) QI , Q . 
Hence U(p) is that element of N satisfying 

((k + pJ)U(p),v) v = (JG(p),v) v . 
Hence (K + pJ)U(p) = JG (p). 
If we show that for Rip > y the operator K + pj is invertible, we will get 
U(p) = (K + pjy l JG(p). 

Now |((^ + = \a(u,u) + p(u,u)\. 

We have Rl{a{u,u) + p(u,ii}} = a\{u,u) + £(u,u) where £ = Rip. 

(This follows from the assumption that (u, u) is real). Hence 

\a(u,u) + p{u,ii)\ > a\{u,u) + £(u,u) 

>a||w||y for S > v.( with a > 0). 

Hence || (K + pj)u ||y || u ||y > a || u ||y . Hence 

|| + || y > a || it || v with a > 0. 

This implies, since we are in a Hilbert space, that the operator K + pj 
is invertible and that || (K + pJ)~ l \\< - for Rip > v. Hence we have 

U(p) = (K + P J)- [ JG(p). 

ii u( P ) ii <n (K+pjy 1 \\\\ j ww G( P ) ii 

< -ft II G{p) || 
a 

58 where yS is some constant. Since G (p) has a uniform polynomial ma- 
jorisation in any half plane Rip > v + s, s > 0, the same is true of 
U (p). Hence U (p) is the Laplace transform of a certain distribution 
~~u e 3>' + (t,N), which is unique. 



Lecture 12 

Topological tensor products 



Let L and M be two vector spaces (algebraic) over K. Let L g> M be the 59 
tensor product of L and M over K. Then for any vector space N over 
K there exists a biunique correspondence between the bilinear maps of 
LxMinN and the linear maps of L <g> M in N. In fact to the bilinear map 
u of L x M in iV corresponds the linear map S : L <g> M in A 7 " which takes 
l®m into u(l,m). The map 7/ : LxM -> L®M defined by r\{l,m) = l®m 
is a bilinear map and is called the canonical bilinear map of L x M in 
L <g> M. We have commutativity in the following diagram: 



Let now L and M be two locally convex Hausdorff vector spaces over 
C. Let L <g> M be the algebraic tensor product of L and M over C. 

Theorem 12.1. There exists a unique locally convex, Hausdorff topol- 
ogy on L ® M such that under the usual correspondence between bi- 
linear maps of L x M in an ELC N and the linear maps of L® M in 
N, the continuous bilinear maps of L x M in N precisely correspond to 
the continuous linear maps ofL®M provided with this topology in N. 
Moreover under the biunique correspondence between bilinear maps of 
L x M in C and linear maps of L® M in C, equicontinuous sets of bi- 
linear maps of L x M in C correspond to equicontinuous sets of linear 



LxM 



L®M 




N 
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12. Topological tensor products 



maps of L<g>M in C ( L<g>M being the tensor product provided with the 

JT JT 

above topology) and conversely. 

60 Proof. Assuming the existence of at least one such topology, we will 
prove the uniqueness. Let n\ and 7T2 be two such topologies. Take for N 
the space L<g>M. The identity map of L<g>M -»■ N is continuous and hence 

the bilinear map which corresponds to this, that is to say, r/ : L x M -*■ N 
is continuous. Now that r\ : L x M -*■ L<8>M is continuous, we have 

i : L®M -> L®M continuous. Hence ni is finer than tti. Interchanging 

the roles of n\ and 7T2 we see that n\ is finer than 712- Hence n\ = 712- □ 

We now go to the proof of the existence of one such topology. Let 
8${L,M) denote the set of continuous bilinear forms on L x M. The 
spaces ,%{L, M) and L<g> M are in duality with respect to the scalar prod- 
uct which is got by restricting the scalar product between Jz? (L, M; C) 
and L <g> M where jSf (L, M; C) is the set of all bilinear maps of L x M 
in C. Now the duality between 3$(L, M) and L® M allows us to define 
a topology on L ® M, namely the topology of uniform convergence on 
equicontinuous subsets of £${L,M) which is a locally convex, Haus- 
dorff topology. This topology on L ® M we denote by n and provided 
with this topology the space L <g> M is denoted by L<g>M. We shall prove 

n 

that 7r is a topology having all the properties mentioned in the theorem. 
We shall show first that under the biunique correspondence of bilinear 
maps of L x M in C and linear maps of L<g>M in C, equicontinuous sets of 

n 

bilinear maps precisely correspond to equicontinuous linear maps. Let 
H c J£(L,M\C) be any equicontinuous set. Then H c &(L,M) triv- 
ially. Let H be the corresponding subset of Jz? (L ® M, C) (the set of all 

61 linear maps of L ® M in C). Let T(//) be the stable envelope of H in 
=Sf (L, M; C). is an equicontinuous set and hence T(7Z) c ^L, M). 
Let W = T(H)° be the polar of T(//) with respect to the duality between 
88{L,M) andL®M. 

Since T(H) is stable, 



W = {y e L ® M/|(r,y)| < 1, for every r e T(//)} . 
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Now h(y) = \{h,y}\ where h e H and h is the corresponding bilinear 
map. For h e H we have |(/z,y)| < 1. Hence \h(v)\ < 1 for v e W. 
Hence H is an equicontinuous set of linear maps of L<g>M in C (as W is 

n 

a neighbourhood of in L®M). 

Now suppose H is any equicontinuous set of linear maps of L<g>M 

IT 

in C. Let H be the corresponding set of bilinear maps of L x M in C. 
Given any neighbourhood Af of in L <g> M we show that there exist 
neighbourhoods U and V of the zero elements in L and M respectively 
such that the set U <g> V c N. (The set £/ <g> V is, by definition, the set of 
all elements of the form u®v, u e U,v e V). Now N dW° where W is an 
equicontinuous subset of 33{L,M). We can find stable neighbourhoods 
U and V of the zero elements such that \w(u, v)\ < Iw £ W, u e U and 
v e V. The pair ( £/, V) does what we need, for if u e £/ and veVwe have 
<g> v)| = |w(w,v)| < 1. Hence u ®v e W° c N. Hence U ®V c N. 
(This incidentally proves the continuity of the map rj : L x M -»■ L®M). 

Now for any /ieH and (w, v) e £/ x V we have 

\h(u,v)\ = \h{u®v)\ < 1, 

since U ® V c N. Hence H is an equicontinuous set of bilinear maps of 
L x M in C. 

Now we prove that the continuous bilinear maps of L x M in any 62 
£XC Af, precisely correspond to the continuous linear maps of L<g>M in 

n 

N. For this, we need the following 

Lemma 12.1. Let tp be any continuous bilinear map of L x M in N. 
With each p e N 1 we associate the bilinear form {<p,/j) defined by {ip,/J.) 
(l,m) = {(p(l,m),/u). The bilinear form (ip,[i) is an element of £%(L,M), 

(trivially). IfW is any equicontinuous subset ofN', the set u (<p,w') 

w'eW 

is an equicontinuous subset of &(L,M). 

Proof. Since W' is an equicontinuous subset of N' we can find a neigh- 
bourhood r of in ,/V such that 



|(r,w')|<l for every reT and w e W' 
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Since <p : L x M -> A" is continuous, there exist neighbourhoods [/ and 
V of the zero elements of L and M respectively such that ip(U x V) c r. 
For (m, v) e U x V we have 

\(<p,w')(u,v)\ = \(<p(u,v),w')\ = \(r,w , )\<l with reT. 

Hence u {(<p,w'}} is an equicontinuous subset of 38{L,M). 

w'eW 

Now, let <p : L x M -> A" be bilinear and continuous. For any equicon- 
tinuous set W' of A 7 ' we have u {(<p, w'}} is an equicontinuous subset 

of 9B{L, M). Hence if or -> in L<g>M, 



((^,w'),£z) -+0 

uniformly for w' 6 W'. If ^ : L®M -*■ N is the corresponding linear map, 
we have ({p(a),w'}N,N' = {{f>w')> a ) an d this tends to uniformly 
when w' e W'. □ 

63 Hence <p(a) -> in A 7 when a -»■ in L<g>M. Hence ^ is continuous. 

Conversely, suppose : L<g>M -»■ A 7 is continuous. Let cp be the 

corresponding bilinear map of L x M -> A 7 . We have ^ = ^ ?/. As has 
been shown already, 77 is continuous. Hence <p is continuous. 

Corollary 1. n is the strongest (finest) locally convex Hausdorff topol- 
ogy on L® M such that n:LxM^L®Mis continuous. In fact n is a 

locally convex Hausdorff topology on L<g>M such that r\ : L x M ->• L®M 

n 

is continuous. Let n' be any locally convex Hausdorff topology such that 
rj : Lx -s> L®M is continuous. Then i : L®M -> L®M is continuous and 

n' n n' 

hence n is finer than n' . 

Corollary 2. The topology n is finer than the topology <p. 



In fact, with the topology s,r\ : L x M -> L®M is continuous, Hence 
n is finer than e. 
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Proposition 12.1. Let u:L\ -> L2 and v : M\ -> M2 be continuous lin- 
ear maps where L\,Li, M\ and M2 are locally convex, Hausdorff, topo- 
logical vector spaces. Then u <S> v = L\®M\ -* L218M2 itf a continuous 

n it 

linear map. 

Proof. To show this, it suffices to prove that the bilinear map u x v : 
LixMi -> Li®M2 defined by uxv(l\,m\) - u(l\)®v(m\) is continuous. 

If /1 — > in L\ and mi ->• in M\, we have u(l\) and v(mi) tending to 
in L2 and M2. Hence u(l\) ® v(mi) -> in L2<S>M2 since the canonical 
map L2 x M2 -*■ L2®M2 is continuous. Hence uxv:L[ xM| -> L,2®M2 

n it 

is continuous. □ 

Corollary. If u : L\ -*■ L% and v : Mi -»■ M2 are continuous injections, 64 
w ® v : Li®Mi -> L,2®M2 is a continuous injection. 

it it 

This is an immediate consequence of the fact that C is afield and of 
proposition \12.1\ 

Remarks: 

1. Though u <8> v : L\®M\ -*■ L2®M2 is a continuous injection, the 

n it 

extension of u ® v by continuity from L\ ®M\ -> L2®M2 (the com- 

pletions) is a continuous linear map, but not necessarily an injec- 
tion. 

2. Let ffl be a complete space of distributions and E a complete 
ELC. The space J4?(E) is complete. The map i : J^f®E -*■ J^®E 

IT £ 

given by i(a) = a is a continuous linear map which extends itself 
into a continuous linear map i : J^&E -*■ Jt?(E). i is in general 

not an injection. 

3. Let L, M and ,/V be three ELCs over C. The canonical isomor- 
phism of (L <g> M) <g> AT with L <g> (M ® Af) is a topological isomor- 
phism of (L®M) <g>Af with L®(M®N). By using trilinear maps we 

IT TT IT IT 

can introduce a locally convex, Hausdorff topology n on 

such that the canonical biunique correspondence between trilinear 
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maps of L x M x N and linear maps of L ® M ® A 7 " in any £XC F 
takes the continuous trilinear maps precisely into the continuous 
linear maps (L ® M ® Af)n in F. The canonical isomorphism of 
L <S> (M <g> N) with (L g> M <g> AT) is a topological isomorphism of 
L®(M®N) with (L <g> M ® A^) w . That is to say, we have 

(L <g> M ® A^) ff « L®(M®N) w (L®M)®N 

71 71 71 71 

as topological vector spaces. 



Lecture 13 



Topological tensor products 
(contd.) 

We shall give an intrinsic characterisation of the topology on the tensor 65 
product defined already. Let L and M be two ELCs over C. Let U and 
V be neighbourhoods of the zero elements in L and M. Let r( U <S> V) be 
the convex, stable envelope of the set U ® V in L<g>M, U®V being the set 
of points (u <S> v, u e U, v e V). The set F(U <8> V) is an absorbing set in 
L®M. In fact any element of L ® M is of the form £ Z v <g> m v , Z v e L and 
m v e M, the sum written being a finite sum. U absorbs l v and V absorbs 
m v . Hence U®V absorbs each of the elements l v ®m v . Hence the convex, 
stable, envelope Y{U <S> V) absorbs any finite sum of the elements of the 
form l v <g> m v . We can take the sets F(U ® V) for a fundamental system 
of neighbourhoods of in a certain locally convex topology on L <g> M. 
This topology is precisely the topology n. Let us denote the topology 
just defined by r. 

Proposition 13.1. The topologies n and r are identical. 

Proof. If we show that the topology r is the finest locally convex topol- 
ogy on L <g> M such that the canonical bilinear map n ■■ M ^ L® M 
is continuous, we are through. Obviously 77 is continuous, for if we take 
any neighbourhood of in L <g> M it contains a set of the form T( U ® V), 
U a neighbourhood of in L and V a neighbourhood of in M. Now 
rf x (T(t/ ® V) d U x V and this is a neighbourhood of (0, 0) in L x M. 
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66 Suppose 9 is any topology on L <g> M such that LxM-» L<g>M is 

8 

continuous and 9 is locally convex. Any neighbourhood of in L<g>M 

6 

contains a convex, stable neighbourhood W of 0. If we show that W is 
a neighbourhood of even for t we are through. Since n : L x M -*■ 

L&M is continuous, there exist neighbourhoods U and V of the zero 

e 

elements of L and M such that U ® V c W. Since W is convex and stable 
T(U ®V) cW. Hence W is a neighbourhood of in t. □ 

Seminorms. Let U and V be convex, stable neighbourhoods of the zero 
elements in L and M respectively. Let p be the seminorm associated 
with U and q the seminorm associated with V. Let r be the seminorm 
associated with T(U <8> V). It is possible to prove that r is the same 
as the tensor product of the two seminorms p and q defined as follows: 
p®q(£) = Inf Y, p(x v )q(y v ) where £ = Y,x v ®y v is a way of expressing 

£ as the sum of a finite number of elements of the type x v ® y v , x v e 
L, Y v e M. Also, m if for a pair of elements x,y;x e L and y e M we have 
£ = x <8> we can show that r(<f ) = If L and M are normed 

spaces, L <g> M is a normal space with the tensor product of the norms on 
L and M as the norm. That is to say, 

|| £ ||= Inf ^ || x v || || )v || . 

Suppose L and M are both Frechet spaces. One can show then that 
Ld>M is also Frechet. 

n 

Proof. Let L and M be Frechet spaces. In order to show that L®M is 

n 

a Frechet space it suffices to show that in L<g>M we have a countable 

n 

base for the neighbourhoods of 0. L and M being metrizable, we have 

67 countable bases for the neighbourhoods of the zero elements in the case 
of the two spaces L and M. If U n and V n are countable bases for neigh- 
bourhoods of the zero elements in L and M respectively, T{U n <8> V„) is 
a fundamental system of neighbourhoods of in L®M. Hence L®M is 

n n 

metrizable and hence its completion is a complete metric space and as it 
is locally convex, it is a Frechet space. 
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In what follows immediately L and M stand for two Frechet spaces. 

□ 

Proposition 13.2. Any <§ 6 L®M can be written as a convergent infi- 
nite series Y ^v-^v ® )V in which the x v s and y v s can be so chosen as to 
converge to as v -> oo in L and M respectively and Y \ A V \ < oo Also 

if K is compact in L(t>M, any S e K can be written as Y ^-vX v ® y v with 
n v 

Y \A. V \ < oo and x v e A,y v e B where A and B are compact subsets of L 

V 

and M respectively. That is to say K c T(A ® B). For the proof refer to 
Memoirs of the American Mathematical Society, No. 16, Products Ten- 
soriels Topologique et Espaces Nucleaires, by Alexandre Grothendieck, 
p. 51. 

Definition 13.1. An ELC E is said to be nuclear if for every EEC, F 
the n and e topologies coincide on E F. 

We now give a criterion for a locally convex Hausdorff space L to 
be nuclear. 

Criterion 13.1. An ELC E is nuclear if and only if for every Banach 
space B, we have L®B = L<&B. 

We shall give another criterion, which is, to some extent, better than 
the above criterion. Before giving the criterion, we introduce certain 
notions needed to state the criterion. 

Definition 13.2. Let N be a complete ELC. Let L be an ELC. A linear 
continuous map u : L -> Af is called nuclear if it can be written as 

u = ^A v (l' v ® m v ) 

V 

with the l' v s contained in an equicontinuous subset of L' and m v con- 
tained in a bounded subset ofN and Y, W < °°- 

To see that the definition makes sense, we consider the expression 
P = Y^v(l' v ® ni v ) with the l' v s lying in an equicontinuous subset of L' 

and the m v lying in a bounded set ofN and Y |^v| < °°- L et p(l) far any 
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I be defined as Y A v (l' v (l).m v ). We shall show that I -*■ p(l) e N = N is 

a continuous map. Let V be any neighbourhood ofO in N. Since m v s 
lie in a bounded set, there exists a > such that m v e aV for every v. 
Since the l' v lie in an equicontinuous set, given any e> 0, we can find a 
neighbourhood of W € ofO in L such that \ (l, l' v )\ <e for any I e W e . Hence 

Y,MW v )m v e AeaT(V) 

where Y\^-v\ < a and T(V) is the convex, stable, closed envelope of 
V. But V itself can be chosen to be a disked neighbourhood of in N. 
Hence Y,A v (l,l' v )m v e a e aV. Choose e= Then Y,A v (l,l' v )m v e V. 

This proves the continuity of p. That p is linear is obvious. If u : L -*■ 
N is a nuclear map, we can express u as Y, A v (l' v ® m v ) with m v -*■ 

in N and l' v lying in an equicontinuous subset of L'. In fact, since 
Y, \A V \ converges we can find a divergent sequence of real numbers {r v }, 

V 

diverging to +oo such that the series £/l v r y still converges absolutely. 

V 

Then E^v(C ® »i v ) = Y,A v r v (l v ® —). Since the m v s lie in a bounded 

v y 

set, ^ -> as v -> oo and Y Uv r vl < °°- 

69 Criterion 13.2. Let U be any disked neighbourhood of in L. With U 
we associate a seminorm p. This seminorm gives a certain equivalence 
relation in L. x ~ y if and only if p(x) = p(y). We put on L the coarsest 
topology under which the seminorm p is continuous. Then we take the 
quotient space L\j under the equivalence relation defined with the help 
of the seminorm p. Let L\j be the completion of Ljj. L\j is a Banach 
space. L is Nuclear if and only if the canonical map L -> Ly is a Nuclear 
map for every disked neighbourhood U. (A. Grothendieck: Espaces 
Nucleares, Memoirs of the Amer. Math. Soc, No. 16, p. 34). We shall 
now prove the following 

Proposition 13.3. If for every disked neighbourhood U ofO the canoni- 
cal map L -> Lu is a nuclear map, any continuous linear map u : L -*■ B, 
B being any Banach space is nuclear. 

Proof. There exists a disked neighbourhood U of in L such that 
u(U) c T where T is the unit ball of B. The continuous linear map u 
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can be factored into the canonical map L -> Ljj and a continuous linear 
map of Ly -> B. Since L -*■ L\j is nuclear, our assertion follows. □ 

Theorem 13.1. A nuclear space has the approximation property. 

Theorem 13.2. In a nuclear complete space L all the bounded sets are 
relatively compact. 

Theorem 13.3. A nuclear Banach space is finite dimensional. 

We admit Criterion ll3.2[ and Theorem ll3.ll Theorem ll3.3l is an imme- 
diate consequence of Theorem ll3.2l We prove here Theorem ll3.2i 

Proof. Let 6 be a bonded set. Without loss of generality, B can be 
assumed to be disked, for the convex, stable envelope of a bounded set 
is bounded . Since L is complete, to show that B is relatively compact, 70 
it suffices to show that B is precompact. For B to be precompact, it is 
necessary and sufficient that for any disked neighbourhood of say U 
the image of B in Ljj is precompact. Now L -> L\j is a nuclear map and 
hence a compact map. Hence the image of B in Lu is relatively compact. 
This completes the proof of Theorem 1 13.21 □ 

Theorem 13.4. If L and M are both nuclear, L®M = L®M is nuclear 

n e 

and L x M is nuclear. 

The proof is trivial in the case of L<S>M. 

n 

Theorem 13.5. L is nuclear if and only ifL is nuclear. 

Theorem 13.6. If Lis a nuclear Frechet space, the strong dual L' is a 
nuclear space. 

Theorem 13.7. If L and M are Frechet nuclear spaces, J*fs(L,M) is a 
nuclear space. 

Theorem 13.8. If L is a nuclear space, any subspace of L with the 
induced topology is a nuclear space. IfH is any closed subspace ofL, 
the quotient space L/H is also nuclear. 
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Examples of nuclear spaces. 9, 9', S, S», 2", G M , G' u , G' c , C 
are nuclear spaces. S m and LP are not nuclear. In fact in <§ m and LP 
bounded sets are not relatively compact. 

For the proofs of all these results, refer to Espaces Nucleaires by A. 
Grothendieck, Memoirs of Amer. Math. Soc, No. 16. 



Lecture 14 

Multiplication of vector 
valued distributions 

Let JT, X and Jzf be three ELCs. Let U : x -> Jgf be a bilinear 71 
map which is hypocontinuous with respect to the bounded subsets of 
Jf? and JSf . Let E,F,G be three Banach spaces and B : E x F -> G 
be a continuous bilinear map. We ask the question whether it will be 
possible to define a bilinear map: 

(F) x Jtf{F) -> J*f (G) say t/ such that is satisfies the following 

B 

conditions: 

1) U is hypocontinuous with respect to bounded sets of Jt?(E) and 
JT(F). 

2) For decomposed elements, that is for elements of the type S e and 
r7 of J$?(E) and JfT{F) we have S~eUT~f = (S UT)B(~e, J) 

B 

with ~e e F, 7 e F,S e and F e JT. 

In general it will not be possible to define such a map. We shall give 
here, without proof, a certain example in which such a map U cannot 

be defined. Let Qi° be the space of continuous functions with compact 
support on R N . Let Q>1 be the strong dual of S>°, that is to say is 
the space of measures on R N . Let Jt e ^| (F) and Ip e @°{F) where 
F and F are two Banach spaces. Let fi : £ x F ^ G be a continuous 
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bilinear map. The duality between and <2)° gives a bilinear map of 
&gX&° in C hypocontinuous with respect to the bounded sets. But a 
bilinear map U : &° (E) x S>°{F) -*■ G cannot be defined to satisfy the 

72 conditions (1) and (2). We shall now prove the following 

Theorem 14.1. Let be three locally convex separated com- 

plete vector spaces all of which are nuclear. Let the strong duals of 
the three spaces be also nuclear. Let U : x J(f ->• Jzf be a bilin- 
ear map hypocontinuous with respect to the bounded subsets of ^ and 
. Let E, F and G be three Banach spaces with a continuous bilinear 
map B : E x F -*■ G. Then there exists one and only one bilinear map 
U : Jif(E) x JT(F) -» Jz? (G) which satisfies 

B 

1) S~eUT~f = (SUT)R(~e ,~f) for every ~e e E,~f e F,S 6 J? 

B 

and T e Jf. 

2) (S,T)^>SUTis separately continuous in S and T . More- 

B 

over U has the following supplementary properties. 

B 

3) U is hypocontinuous with respect to the bounded subsets of 
J?(E) andJXr(F). 

4) 

tut = (Ij?sB)(Utl F )(T) 

= (Ij?sB)(I E ®U 7 )(S) 

where Ij^,Ie and If are the identity mappings of £6 \E and F respec- 
tively, and U-g, and B are defined as follows. U-<? : J(f -*■ £f(E) on 

any T e J?T, U-g(T) = S UT (for the definition of S UT refer to lecture 

7). U^-.JV^ &(E), on any S e Jf, U^>(S) - Slit B being a con- 
tinuous bilinear map of E x F in G, B gives rise to a continuous linear 
map B' of E®F in G which in its turn can be extended to a continuous 

IT 

linear map of E&F in G. B denotes this extended map. 
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Proof. First, assuming the existence of a bilinear map satisfying (1) and 
(2), we shall prove the uniqueness of the map. Suppose there are two bi- 
linear maps U l and U 2 satisfying (1) and (2). J$? and Jff being nuclear, 73 

B B 

they have the approximation property and ,J£®E = Jti?®E. Therefore 

X®E = Jt?(E),J{r®F = X{F), because Jf?(E) and Jf{F) are com- 

plete. Hence the sets J^f®E and Jf<S>F are dense in J4?(E) and J(f{F). 
On the product of the sets (J4?®E) x ( J£T<g>F) the bilinear maps that we 
define are well determined because of (1). Now the separate continuity 
of both U l and U 2 gives U l = U 2 on the whole of Jf(E) x X{F\ 

I B B I 

Now we shall prove the existence of a bilinear map satisfying (1) 
and (2). 

Given a bilinear map U : Jt? x Jf -* Jz? hypocontinuous with 
respect to bounded sets we have already seen how to define a bilin- 
ear map Jt? (E)xJt -*■ ^f(E) hypocontinuous with respect to bounded 
sets satisfying certain consistency conditions (see lecture 7). Each S e 
J4?(E) = J^®E defines a continuous linear map t/->- : -> ^C(E) = 
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££®E as follows: U^(T) = S UT. U-g gives rise to a continuous 



n 



linear map <8> If '■ J^®F -> (jSf <§>£") <g> F, which can be extended 

w n 

by continuity into a linear map, which also we denote by U^- ® Ip of 
X®F -> (Jgf ®£)<g>F; that is to say, U r ®I F : X ®F -> %®{E®F) is 

a continuous linear map. Since Jz? is nuclear, we have 
%®{E®F) = Jz?(£®F). 

7T 7T 

U-z> <g> Ip '■ X(F) -»■ J£(E®F) is a continuous linear map. Now 
Z? : Figti 7 ->• G is a continuous linear map. Hence the map /j^efi is 

a continuous linear map of J^?(E®F) -> Jz?(G). We define S 6T 

to be the element (IjssB)((U-<? ® If)(T )). We shall now show that 
[/ : (£) x JT(F) -> JSf(G), which is trivially bilinear, has the fol- 74 

lowing properties: 

(i) If S e e JT,"? e £ and / e F,S~eUT~f = (SUT) 

B 



78 



14. Multiplication of vector valued distributions 



B(t,f): 

(ii) If S remains in a bounded set in J4?(E), and T -»■ in J(f(F), 
then ~SU~T tends to uniformly in Jzf(G); and 

(iii) If S* -> in and T is fixed in JT(F), then S*t/r ^ in 
JSf(G). 

We remark that proving (ii) and (iii) is more than proving separate 
continuity. 

Proof of (i). Let T = T~f , T e X and / e F. Then for any 5* e 

Jtf(E),(U-g ®I F )(T) is nothing but (S*t/r) ® 7- If 5* = 5"?, we 
see that 

sVr = (S~e)UT = (SUT)~e. 
Hence (U-g ® I F )(T) = (S UT)~e ®J if = 5"?, 7 = 

tJ. 

Hence (/ ^s£) ®I F ){T)) = (SUT)B(~e ®J) 

= {SUT)B{-?,J). 

Proof of (ii). Let S remain in a bounded set of J4?(E) and T -*■ in 
J(f(F). We know that if T -*■ in and 5 remains in a bounded set of 
Jt?(E),~SUT -> in Jgf (£) uniformly, that is to say U-g-.JT^ Sf(E) 

is an equicontinuous set of linear maps when 5 lies in a bounded set of 
Jt?(E). Hence the set of operators [/-> ® I F : JT&F ^{E)®F = 

J£(E®F), S in a bounded set of Jif(E), is an equicontinuous set. 

Hence if 7 ^ in JfT(F),(U-g ® I F )(T) -> uniformly. T^eB 
is a fixed, continuous, linear map of J£(E®F) in Jz?(G) and hence 

(Ij?sB)((U-g ® I F )(f)) -> uniformly in Jz?(G) when 5* remains 
in a bounded set of Jif(E). 
75 Proof of (iii). First we show that if T remains in a bounded set A of 
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<W and / remains in a fixed ball, say || v ||< a of F and if S -*■ 
in Jt(E), ~SUT~f tends to in j£f(G) uniformly. If we show that 

(U-+®Ip)T f -*■ in Jzf (F<i>F) uniformly, the above result will follow. 

Now (U^®I F )(T~f) = {SUT)®J.l;UT^Om£'{E) uniformly 
if 5 -> in J4?(E) because T remains bounded in (theorem 17.11) . 
and since / remains in a bounded sets, ( S UT) ® / -> uniformly as 
5* -+0in Jf(F). 

Now suppose that T lies in the closure of the convex, stable, enve- 
lope T(A, B a ) of the product of a bounded set A in and of a bounded 
set B a in F, the closure being taken in the sense of J^(F). Let S -*■ 
in M'(E). We shall show that S UT -*■ 0. Since, convex, stable, closed 

neighbourhoods form a fundamental system of neighbourhoods of in 
J*?(G), it is sufficient to prove that W being a closed disc of Jz?(G) 
which is a neighbourhood of 0, there exists a neighbourhood N of in 
JP{E) such that ~t e A 7 implies that ~SU~f e W. Any F e T(A,B a ) 

can be got as lim T y, T j being a filter of sets in T(A, B a ). To any neigh- 
bourhood W of in J2?(G) there corresponds a neighbourhood N of 
in J4?(E) such that ~SU ~T e W for every ~S e AT and F e A <8> Since 

W is convex, stable we have 5 £/ T j e W for any T j e T(A, Now 

if r" = lim, T^j with Fy e r(A,5 a ), we have ~SU~Tj -» s"t/7\ Hence 

~SU~T eW. But since W is closed, W = W. Hence Is U~T eW. 

B B 

Now, suppose T is an element of Jtf(F). Since is nuclear, 
bounded sets in J(f are relatively compact. Hence = JtTj. We have 
assumed that JtJ is nuclear. X{F) = J^ s (Jt c ',F) = ££ S {X£,F). If 76 
T e J^(F), since J^' is nuclear, and F a Banach space, we see that 
r is a nuclear map. Hence T = E,A n k„ <8> f n ,k n e = {^s)' w ^ tn 

n 

£ |/i„| < oo, k n being an equicontinuous set of considered as the dual 

n 

of JffJ and / „ lying in a bounded set of F. This just means that T e 
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T(A, B) with A and B bounded sets in and F respectively, closure in 
&(J(fJ,F) = X(F). Hence ~S U~T -» as 5" -» in J^(£). 

Thus we have seen that the bilinear map U : J^(E) x J^(F) -*■ 

Jz? (G) satisfies (i), (ii) and (hi). In particular, U is separately continu- 

B 

ous. Now, let U' be defined by ~SU'~T = (Ij?eB)(I E <g> U->)(S). U' 

B B *- B 

can be proved to satisfy 
(/)' S~eU' T~f = (SUT)B(~e,J) when 5 e Jtf , T e Jf , "e 6 £ and 

(ii)' When T remains in a bounded subset of J^(F) and S -*■ in 
J?(E),~SU' 1 T -> uniformly in Jgf (G). 

(»?')' If T -> in jXf(F) and 5 is a fixed element of Jf(E), the 
sV 7 ^ in Jz^(G). 

In particular, U' is separately continuous. 
Thus U and [/' are separately continuous bilinear maps satisfying the 

B B 

condition (1) of the theorem. But from the uniqueness of such a map 
which we have proved already, it follows that U = U'. 

B B 

Now, if we combine (ii), (iii), (ii)', and (Hi)' we see that U - U' 

B B 

satisfies also the conditions (3) and (4) stipulated in the theorem. □ 

77 A particular case of the multiplicative product. 

Let Jt? , and 5£ be three nuclear spaces with nuclear strong duals. 
Let £ be a Banach algebra. If U : J$? x -*■ Jz? is a bilinear map 
hypocontinuous with respect to the bounded subsets of and JT, by 
taking for B the multiplication in E we get bilinear map U : Jt?(E) x 

B 

J(f(E) -> ££(E) which is hypocontinuous with respect to the bounded 
subsets of J4?(E) and J^(E). 



Lecture 15 

Operations on vector valued 
distributions (contd.) 

Suppose Jifisa nuclear, barrelled space with a nuclear strong dual Jt? 6 '. 78 
Let Jf? and J$? s ' be assumed to be complete. Let E, F and G be three 
Banach spaces and B a continuous bilinear map of E x F in G. Then 
we can get a bilinear map of J$?(E) x J$?'(F) in G hypocontinuous 
with respect to the bounded subsets of (£") and Jif'(F). Since is 
barrelled, the scalar product defining the duality between Jt? and M" is 
a bilinear map of Jf 7 x M" into C hypocontinuous with respect to the 
bounded sets of ffl and J^'. Let us denote the scalar product by the 
symbol B being a continuous bilinear map of E x F in G, we get, as 
explained in the previous lecture, a bilinear map . : J4?(E) x M"{F) -»■ 

B 

C(G) = G, hypocontinuous with respect to the bounded sets of Jt?(E) 
and JT'(F). 

Now, @ and 5? are barrelled spaces. Hence if B : E x F -*■ G is 
a continuous bilinear map, we get a separately continuous bilinear map 
in each of the following cases, which is further hypocontinuous with 
respect to the bounded sets 

1) 9(E) x 3>'(F) -*■ G 

2) y(E) x y'(F) -*■ G 

If ~$ e 9(E) and ~T e 9'(F) we denote by 7 . lp the image in G of the 
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element ( (p , T)by the bilinear map in case (1). We use similar notation 
in case (2) also. 

79 For the Banach spaces E, F and G we can take E, E' and C and for 
B the canonical bilinear form on E x E'. Then when and Jif" are 
complete nuclear spaces with J4? barrelled, we get a bilinear form on 
J4?(E) x M" (E) hypocontinuous with respect to the bounded subsets 
of J4?(E) and J^'(E'). If ~$ e (E) and ~T 6 M"{E') the image of 
(Jp , T ) in C by the above bilinear map is denoted by (T., Ip). 

Since Jtf is nuclear and Jf and E are complete, we have Jf{E) = 
Jtif&E. Let u e (J4?(E))'. u is a linear form on Jf®E which is contin- 

n jt 

uous. Now ® £" is dense in Jf®E, therefore the space of continuous 

JT 

linear forms on J%?®E is the same space of continuous linear forms on 
J4?®E. The definition of the /r-topology hence gives ( Jt?(E))' = space 

n 

of continuous bilinear forms on x E algebraically Then u can be 
considered also as a continuous bilinear form on x E. For any fixed 
h e Jf, ~~e -> is a continuous linear map of E in C; hence it 

defines an element w/i of £"'. The mapping h -> m/, of in £"', with 
the structure of a Banach space on it, is a continuous linear map. Con- 
versely, suppose that /i : J4? -> E' is a continuous linear map. Then // 
defined by p.(h, ~e) = {/u(h),~e) for every ~e e £ and /z 6 Jf 7 is a contin- 
uous bilinear form on ^ x £. Hence we have {Jtf(E))' = ^{J^f ,E') 
algebraically. Now, consider the space Jt'(E'). We have seen that we 
can define one and only one bilinear form on J4?(E) xJtf"(E') hypocon- 
tinuous with respect to the bounded sets satisfying 

(T~e.,H' < e') = {T.H')^^{~e , *e') E ,E'- 

If H' e (J^(E))' and Ip e J$?(E) the scalar product defining the dual- 
ity between J4?(E) and (Jf (£))' satisfies 

(H~e,H'*e') = (H,H'), %> >{~e,*e ') e ,e' ■ 

80 Also {Jf(E))' = Jz?(JT,£') and Jf'(E') = ££{M")' C ,E'). (Jg")' c is 
algebraically the same as but, in general, has a topology finer than 
that of J4? . In the case of barrelled spaces (JfJ)' = topologically.lt 
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follows from Theorem 114.11 that the scalar product defining the duality 
between J^f(E) and (J4?(E))' is the same as the bilinear form that is 
defined on J^f(E) x J$?'(E') by the process described in Theorem 1 14. II 

The convolution of two vector valued distributions. 

Let E, F and G be three Banach spaces and B : E x F -*■ G a contin- 
uous bilinear map. Let S e J7"(E) and T e ff' c (F). The convolution 
operation between the elements of S?' and the elements of G' c satisfies 
the conditions stipulated in Theorem ll4.1l and the spaces 5?' , 5? , G' c , G c 
are all nuclear complete spaces. (See: Memoirs of the Amer. Math. 
Soc, No. 16, Products Tensoriels Topologique et Espaces Nucleaires, 
by A. Grothendieck). Hence, as explained in Theorem 114.11 we can 
define a bilinear map * : J7"(E) x $' C (F) -> «5^'(G) which is hypocon- 

B 

tinuous with respect to the bounded subsets of S"'(E) and 0' C (F). We 
call S * T the convolution of S and T under B. 

B 

We know that S e 9' + and T e 9' + implies S * T e ®' + , where 
^ is the space of distributions e 3>' with supports bounded on the left 
(it is the dual of 9-). The map (S,T) e S * T of @' + x @' + in ®' + 
also satisfies the conditions stipulated in Theorem 114.11 Hence we get 
a bilinear map * : &' + {E) x &' + {F) -*■ @'+(G) hypocontinuous with 

B 

respect to the bounded sets. If £ is a Banach Algebra, by taking E - 81 
F = G = E and B = the multiplication in E, we get a bilinear map 
&' + {E) x @'+(E) -*■ S)+(E) hypocontinuous with respect to the bounded 
subsets of 9' + {E) and %{E). 

Now suppose 5* e S"(E) and T e ff' c {F). Then ~S * T e .9"{G), 

B 

where B:£xF->Gisa bilinear continuous map and £, F and G 
are three Banach spaces. The Fourier transforms of S and T sat- 
isfy Jt?(i?) 6 5*"{E) and Jf("r) e ). Since ^ M and ^ are 
nuclear and complete (refer to: Memories of the Amer. Math. Soc, 
Nol6, Espaces Nucleaire, by A. Grothendieck), using the product be- 
tween the elements of 5?' and the elements of Gm and using the bilin- 
ear map B we define a product (B) between the elements of y'(E) and 
&m(F) as explained in Theorem 1 14.11 Then we have J4?(S * T) = 
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J4?(S )(B)Jt?( T ). This follows from the separate continuity of the 

operations on the two sides and from the equality 

je(S~e * T~f) = Jif(S~e) (B) J^(Tf) for S eS",T e 6" c ,~e e E and 

/ e F and from the fact that ,9" <S> E and C' c ® F are dense in ,9"{E) 
and &' C (F) respectively. 

In the case in which T e &'{F) is a continuous function ~~g with 
values in F, Ip . T for every ~<p e ^(E) can be expressed as an integral. 

B 

We will show that 

~$-jT= J B(y(x),~g(x)dx. 

R" 

we know that . : 3>'{F)x$i{E) ->■ G is a separately continuous function. 
Hence . : £°{F) x <3(E) -»■ G is also separately continuous. Also the 
mapping 

R" 

82 is a separately continuous map of £°{F) x ^(E) -»■ G. Also for every 
cp t &,g t £°,~e t E and / e F, we have 

^ B(<pt(x),g7(x))dx= f B(<p(x)?,g(x)7)dx 

R" 

= J <p(x)g{x)B(-?,7)dx 

R" 

= \^f <p(x)g(x)dx^ .B{7,7). 



R" R" 



The mappings 

. :£°(F)x^(£)^Gand(g\^)- J B($(x),-g(x))dx 

R" 

are separately continuous and agree on the decomposed elements. Since 
£° and @ have the approximation property, we see that the two maps are 
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identical. Also if / e S>° and g e £° the convolution / * g is an element 
of £° and is given by / f(x - S )g{<§ )dS . Now suppose / e @°{E) 

R" 

and ~g e £°(F). Then we shall prove that / * g e £°(G) and is given 
by the formula / * g"M = / " S),~g{S))dS. The maps 



* : <T (£) x £°(F) - 0'(G) and ( / , t) - J B(f(x - S\g{S))dS 



of S>° (E) x £°(F) -*■ £°{G) are separately continuous and agree on the 
decomposed vectors, for if / e @°,g e £° and ~~e e E and ~v e F. We 
have 



B 



R" 



B 



R" 



f~e * gv(x) = / * g(x)B(e , v 



) 




Now since 3i° and £° have the approximation property Q>° ® E and 
£ ° <S>F are dense in (£) and £°(F), hence we deduce the conclusion. 
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Lecture 16 

Weak boundary value 
problems 



Let E, F and G be three Banach spaces and let B : E x F G be a 83 
continuous bilinear map. 

Proposition 16.1. Let S e @'+(E) and T e ^+(F) be two distributions 
such that S □ 5 (/?) awe? F □ T (p). Then S * T has a 

Rl p>a Rl p>a B 

Laplace transform for Rip > a and the Laplace transform is precisely 
B(S(p),T(p)). 

Proof For Rl p > a,e- pt ~S e y'(E) and e^T e ^'(F). In fact, 
we know that more is true. For Rl p > a,e~ pt S e &' C (E) and e F e 
^(F). We have e^'s" * fT^F = e~ pt (S * F). The convolutions 

B B 

S>' + x S>' + -> ^+ and ^ x ^ -> ^ coincide on the elements on which 
both are defined. Hence e~ pt (S * ~T) = e~ pt ~S * e~ ptl f e ff' c {G) for 

B B 

Rl p > a. Hence S * F has a Laplace transform for Rl p > a and the 

Laplace transform is the function B( 5 (p), T (p)). 

We shall consider an application of the above theory to a problem in 
differential equations. 

Let Q 1 be a Banach space and N a Hilbert space with N c Q' with 
a continuous injection. Let A : N -> Q' be a continuous linear operator. 
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16. Weak boundary value problems 



Let / e^(fi'). To find, if possible, it e such that (|+A) w* = 

/ . This problem can be restated as follows: To find ~u e 3>' + {N) such 
that 

(S' t I + 5 t A) * ~u = J 
where / : Af ->■ <2' is the injection. We have S' t I and 8 t A in &^(SC(N, 

of)). " r □ 

84 We use the properties of the convolution operation to get new operators. 

Let J>$?, and «Sf be three nuclear complete spaces with nuclear, 
complete strong duals. Let B : E x F Gbe a continuous bilinear 
map, E, F and G being three Banach spaces. Let U ■ x Jf -> 
be a bilinear map hypocontinuous with respect to the bounded subsets 
of J4? and J(f . As explained in Theorem 114.11 we can define a bilinear 
map U ■ J$?(E) x JgT(F) -> Jz?(G) hypocontinuous with respect to the 

B 

bounded subsets. 

Let S~e 6 Jf(E) with S e , e E and 7 e JT(F). We shall 

find an expression for S~e U T . For each e € E, let B-> : F -»■ G be 

B e 

the continuous linear map B-^( f ) = , / ). The continuous linear 
map B-+ : F -*■ G allows us to define a continuous linear map / j^eB-^ of 
££ (G). This linear map also we denote by B~^. Using the bilinear map 
U : ffl 1 x -> jjf , hypocontinuous with respect to the bounded subsets 
of and J^, we can define a bilinear map U ■ Jrf? x J?T(F) -> Sf(F) 
hypocontinuous with respect to the bounded subsets of J4? and J?T(F) 
as explained in Theorem 17. II We have then S~eUT = B^-(S UT). In 

B 

fact, if T is of the form T f ,T e J?T, / e F we have 

B^(SUT)=B r ((SUT)7) = (IysB r )((SUT)7) 
= (SUT).B r (7) = (SUT)B(?,J), 

and S~eUT f = S UTB(~e, f ). Hence from the approximation prop- 

erty for it follows that S~eUT = fi r (S t/F) for any F e JT(F). 

/ and A are two fixed elements of the vector space S£{N, Q 1 ). 8' t I 

85 and 8 t A are distributions with values in JSf (iV, Q'). 8 t A * u is, by the 
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formula S~eUT = B^(S UT), the same as B(6 t * it) where B is the 

mapping I^sTaSa '■ N ->■ Q' given by Ta-u = An for every n e N. 
Hence B(S t * it) = Alt . Similarly 5\1 * ~u = j t ~u . Thus we see that the 

equation (j + A)~u = f is the same as (6' t I + 6 t A) *~u = f . What we 
do first is to look for G e @' + (t,3?(Q',N) such that 

(6' t I + 6,A) * G = 6 t I Q , 
and G * (S'l + 6,A) = 6 t I N , 

where Iq< and In are the identity mappings of Q' and N. Suppose such 
a G has been found out. Then our contention is: u = G * f is the 
only solution of the equation (j +A)lt = / .To prove this fact, we use 
the following associativity property of the convolution. Let * denote 
the convolution of % x ^{ -> We have for U, V and W e 9' + the 
following relation: (U * V) * W = U * (V * W). Let Bi : L x M -> P 
and B2 ■ P x N ->■ Z be bilinear continuous maps with L, M, P, N and Z 
Banach spaces. Let a\ : L x Q ^ Z and a-i : M x N -> 2 be bilinear 
continuous maps with L,M, iV, <2,Z Banach spaces. Let B^ : M -»■ P 
be the linear map Bj^m) = B\{l,m). Let B2.fi (m) : A 7 ^ Z be the 
linear map B2,b (m) («) = B2(B 1 ^(m),n). Let /j.: LxMxN^Zbe 
the trilinear map defined by /u(l,m,n) = B23 (ii>) («). Similarly we can 
associate with #2 and ai a trilinear continuous map, say 7 : LxMxN -*■ 
Z. If we assume that /i = v we have the following equality: For any 86 
5* e f|(L)Je ^|(M) and t/ e 3>' + (N), 

(s * 7 f ) * t/ = 5* * ( r * 17). 

The proof is, in fact, trivial. The convolution ^ x -> £F{ satisfies 
the associativity. Hence from the fact that [i = v, we get 

(S~t * r/) * U-g=(S*T*U)n(e,7,~g) 

By B2 

= (S *T*U)v(-e,7,-g) 
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16. Weak boundary value problems 



and *(Tf *U-jt) = (S*T*U)v(e,f,-g) 

for any S,T,U e S>' + and ~~e e L, / eM and ~~g tN. 
Now, since has the approximation property, we get the required asso- 
ciativity formula. Now, ~~u = G * f is a solution of (5j/+<5 t A) *~u = f . 
For (5^J + 5fA) *~G *y = 8 t l & * ? = / Q <<5, */)=// = J. 

Hence ~~u = G * f is a solution. Suppose ~v is any solution of 

{8' t l + 6,A) * ~u = J. 

We have G * { (6' t I + 8 t A) * ~v} = G * ~f. 

But G * {{5' t l + 6,A) * ~v} = {G * (6' t I + 6,A)} * ~v 

= SJn * v - v. 
Hence ~v = G * f . 

Thus G * f is the only solution of (S' t I + 5 t A) * u = f . In applying 
87 the associativity formula, we should take note of the following fact: The 
obvious bilinear maps Sf(N, Q') x N -> Q', £?(Q',N) x Q' -> N and 
&{Q',N) x Sf(N, Q') -> Jf(N,N) and J>f(N,N) x N N satisfy the 
condition which enables us to conclude that the trilinear maps and v 
corresponding to these are the same. 

Hence the problem (j + A)~u = f will have one and only one 
solution ~u e 9[{t,N), if we can find a G e 9' + (t,3f(Q',N)) such that 

(# + <5,A) 
and G * (5,7 + <5,A) = <V/v- 

We, in fact, look for a G having a Laplace transform. If at all such a G 
exists, it will satisfy 



(j>I + A)G(p)=Iq> and G(p)(pl + A) = I 



Hence, if only we assume that for Rl p > S Q (<f some real number), the 
operator (p +A) is invertible and that the inverse is majorised uniformly 
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in the half plane Rl p > <§ + £ for any s > 0) there exists a G (p) which 
is the Laplace transform of a unique G e @' + (t,Jif(Q',N)) satisfying 
(5' t I + 6,A) *G- 6 t I Q/ ,G * (S' t I + 8 t A) = 6,I N . Then the problem 
(4 + A)~u = f has one and only one solution, namely 



~u=G*f. 



92 16. Weak boundary value problems 



Part II 

REPRESENTATIONS OF 
SEMI-GROUPS 
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Lecture 17 

Representations of 
semi-groups 



Definition 17.1. A semi-group is a set G + with a binary associative 88 
law of composition, having an identity element. That is to say, there is 
defined a mapping (x,y) -*■ x.y ofG + xG + in G+ satisfying the following 
conditions: 

1) x.(y.z) = {x.y). z for every x,y,z e G+. 

2) There exists an element eeG + such that e.x = x and x.e = xfor 
every x 6 G + . 

Definition 17.2. A topological semi-group G + is a Hausdorff topologi- 
cal space with a semi-group structure such that the mapping (x,y) -*■ x.y 
ofG+xG+ -*■ G+ is continuous. In this section, we deal only with locally 
compact semi-groups. 

Definition 17.3. A measure p on G + is said to be summable if J \dp\ < 

G+ 

oo. One knows that, if p is a summable measure, for any continuous 

bounded complex valued function f the integral f f(x)dp(x) can be 

G+ 

defined. We agree to denote this by p(f). 

Definition 17.4. Let p and v be summable measures on G+. The direct 
image of the measure p®vonG+*G + by the mapping (x,y) -*■ x.y, 
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17. Representations of semi-groups 



which trivially exists, is defined to be the convolution of the measures p 
and v and is denoted by p * v. 

If ip is any continuous bounded function on G+, the function : G + x 
G + -*■ C defined by ip(s,t) = tp(st) is a continuous bounded function. 
Hence the integral 

J ifjd(p®v) = J J i//(s,t)dp(s)dv(t) 

G+xG+ G+ G+ 

89 has a meaning. We have the equality p * v(ip) = f f tp(st)dp(s)dv(t). 

G+G+ 

Definition 17.5. For an integrable (or summable) measure p, f \dp\ is 

G + 

defined to be the norm of p and is denoted by \\ p \\. 

One knows that if p and v are summable measures on G+,p * v is 
also summable and that \\ n* v \\<\\ n |||| v || (Refer to Elements de 
Mathematique, Integration, by N. Bourbaki). 

Strict convergence. 

Definition 17.6. A sequence of measures {/Xj} is said to strictly con- 
verge to if /J.j((f) -*■ for every fixed (p, continuous with compact 
support and if there exists a positive real number e(K) corresponding 
to each compact set K such that f \dpj\ < e(K) independent of j, ([K 

[K 

is the complement of K), with e(K) -*■ according as the filtrant set' 
of compact subsets of G + ordered by inclusion, that is to say, given any 
s > there exists a compact K such that for any compact set Y of G + 
with r d K we have e(r) < s. In fact, it is sufficient if there exists a 
compact set K such that e(K) < e. 

Lemma 17.1. If {pj} is a sequence of measures converging strictly to 
0, for any fixed continuous bounded function (p,pj((p) -*■ 0. 

Proof. Let a be any continuous function with < a(x) < 1 for every x e 
G+ and with compact support. We have pj((f) = Pj(a<p) +///(( 1 -a)cp). 
We may assume ip $ 0. Since pj -*■ strictly, given any e > we can 
find a compact set K such that / \dpj\ < j\rn\ where || <p ||= sup 

[K ' xeG + 
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For a, choose a continuous function with compact support which is 1 
on K and with < a(x) < 1. Then cap is a continuous function with 
a compact support. Hence we can find a such that for j > j(e) 
we have \pj(a<p)\ < |. We have - ff)<^>) = / (I - a)<pdpj, since 

1 - a = on Hence 

|^-((l-a)^)|<lk II f |d^|< W^fory>y(e). 

Hence 1^0)1 < K(^)| + |//;((1 - a)<p)\ < § + § = fifor j > y(e). □ 

Lemma 17.2. If{pj}, {vf\ are fwo sequences of measures strictly con- 
verging to p and v respectively, the sequence {pj * Vj} strictly converges 
to p * v. 

We shall first show that if {pj} and {vj} tend to strictly, the se- 
quence {pj * Vj} tends to strictly. Ifip is a function in x G+) of 
the type <p(x,y) = if/(x)r/(y) where \\i e ^(G + ),r] e ^(G + ) we have 

(p.j®Vj)(<p) =Hj(>ff).Vj(j]). 

f^(G + ) denotes the set of complex valued functions on G + with compact 
support). Hence for a ip of the above mentioned form, pj ® vj)(ip) -»■ 0. 
The linear combinations of elements of the form <f(x,y) = i//(x)rj(y) 
form a dense subset oftf(G + x G + ). Since {pj} and {vj} are strictly 
convergent sequences of measures, {pj} and {vj} are bounded sequen- 
ces of measures and hence {pj <g> vj} is a bounded sequence of measures 
on G + x G+. Hence the set consisting of the elements {pj <8> Vj} is an 
equicontinuous set in the dual of < rf(G+ x G + ). On this set the topology 
of simple convergence on a dense subspace of c £(G+ x G + ) by Ascoli's 
Theorem. Hence for every ip e x G + ) we have pj ® Vj(tp) -*■ as 

y-> oo. 

We shall prove the strict convergence of pj <8> vj to 0. We have al- 
ready proved the 'vague' convergence of pj ® Vj to 0, that is to say, for 
every fixed <p e x G + ),pj <g> Vj(<p) tends to 0. To prove the strict 

convergence of {pj®Vj} it is sufficient to prove that there exist constants 
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17. Representations of semi-groups 



e(H x K) for compact sets of the form H x K, H and K being compact 91 
in G + such that given any e > there exists a compact set H x K with 
e(// x K) < e and / \dfij ® v/| < e(# x K). Now 

[(ffxff) 

y Id/Uj ® Vyi < y i<i// 7 - ® Vyi + y \dnj ® v 7 i 

[(//x^) G+x[«: [HxG+ 

< A J |dv;| + B J \d/j.j\ 

[K [H 

<Ae(K)+Be(H), 
where A> J \dfij\ and B > J \dvj\. (Such real numbers A and B exist). 

G + G + 

If we choose K and // in such a way that s{K) < ^ and e{H) <^we 
have 



\dpj ®Vj\<- + -=E. 



[HxK 

Thus s(H x K) = As{K) + Bs(H) are constants satisfying 



\dfij ® Vj| < e(// x K) 

[(HxK) 

and given any e > there exists HxK such that s(H x K) < s. We have 
thus proved that fij ® v ; - -»■ strictly. 

Let m : £" -> F be a continuous map of a locally compact space E 
into a locally compact space F. Let {/L;} be a sequence of summable 
measures strictly converging to on E. The direct image of the A'jS by 
u converges to strictly. First of all uAj -*■ vaguely. For, if <p is any 
continuous function with compact support on F, u * <p is a continuous 
bounded function on E and Aj(u * cp) ->■ 0. Hence uAj(<p) = Aj(u * (p) -> 
0. It is sufficient to prove the existence of constants s(H) for compact 
sets H of the form H = u(K), K being compact in E such that given any 
92 £ > there exists an e(H) with s(H) < s and / \duAj\ < s(H). Now 



J \duAj\< J \dAj\< J \dAj\<e(K). 

[H u l ([H) [K 
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Given any e > we know that there exists a compact set K in E such 
that s(K) < e. We have already proved that if fj.j and vj tend to strictly 
Hj ® Vj tends to strictly, fij * Vj being the direct image of pj ® vj by the 
map (x,y) -+ x.y of G+ x G+ in G+ we have pj * vj -> strictly. 

Now suppose ju ; -> /i and v, -»■ v strictly. Then ^ - // and vj - v are 
sequences of measures strictly converging to 0. Hence (pj-p) * (v/-v) 
converges to strictly. We have 

Hi*Vj-n*v= {nj-n) * (vj — v) + fj. * (vj - v) + (fi,- -/x) * v 

Now {nj -/j.) * (vj-v) -^0 strictly. To complete the proof of the lemma 
we have only to prove the following: if Fj is a sequence of measures 
strictly converging to zero and /i is a fixed summable measure, then 
jj, * Tj and Tj * /u tend to zero strictly. For this it is enough to prove that 
yu ® Fj and Tj <g> n tend to zero strictly, (see the general considerations 
given above). This is proved the same way we proved that /jj <g> vj ■ -»■ 
strictly if Hj -*■ and vj -*■ strictly, using the following fact: if /j. 
is a summable measure, then f \d/u\ -*■ following the filtered set of 

compact subsets K. 

Let A, /i and v be three summable measures on G+. Then A * fi * v 
is defined to be the direct image of the measure A <g> /j. <g> v by the map 
(x,y,z) -> x.y.z of 6 + xG + x G + in G + . It is easily seen that 

A * (p. * v) = A * ju * v = (A * fi) * v. 

Also we have 5 X * 5 y = 6 xy and 6 e *fi-fj,*6 e -/j where 6 X is the unit 93 
mass (Dirac measure) at x and e is the identity element of G + . 

Representation of semi-groups. 

Definition 17.6. Let G + denote a locally compact semi-group. Let E 
be a complete ELC. A representation of G + in E is a map U : G + -*■ 

J£ S (E,E) satisfying the following conditions: 

(i) U (x.y) = U (x) o U (y), U (e) = I the identity map ofE; 

(ii) U ■ G+ -> Jf s (E,E) is continuous, and 
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17. Representations of semi-groups 



( Hi) For every compact set K in G + the set of operators {U(k),k € K} 
is an equicontinuous set of linear maps ofE in E. 

Property (Hi) is called the property of local equicontinuity. We shall 
consider here only representations satisfying the following stronger con- 
dition of global equicontinuity. 

(Hi)' The set of operators {U(x),x £ G t } is an equicontinuous set of 
linear maps ofE in E. 

Let denote the set of all summable measures on G+. It is an 
algebra under the operations of addition and convolution. 

Lemma 17.3. The representation U : G + -> J£ S (E,E) can be extended 
into a map, which also we denote by U, of ^#g+ in ^s(E,E). When 
p = 6 X , the unit mass at x, U (p) will be U (x). 

Proof. Since {U(x),x e G + } is an equicontinuous set of operators, it 
is also a bounded set in J5? S (E,E). Since p is summable, the integral 
f U(x)dp(x) exists and is an element of (J£ S (E,E)) A , the completion 

G+ 

94 of 5£ S {E,E). (Refer to Integration, by N. Bourbaki). Since E is com- 
plete, (Jt? s (E,E)) A c a s (E,E) where A S (E,E) is the space of all linear 
maps of E in E with the topology of simple convergence. Now the set of 
elements {U(x)/x e G + } is an equicontinuous subset ^ of ££ S (E,E). 

Let a ti be the convex stable closed envelope of ^ in A S (E,E). 9/ is 

also equicontinuous and hence c Jf(E,E). We have 



Hence U(ji) 6 Sf s (E,E) for every p e ^ G+ . Trivially U(8 X ) = U(x). 
If ~~e e E, we have 





since the map U -> U e is continuous. 
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For any fixed 9 e J£ S {E, E), the maps r -*■ T o 9 and r -*■ 9 o Y of 
Ji? s (E,E) in J*? S (E,E) are continuous linear maps. Hence 

U(ji)o0= J(U(x)oe)d/i(x) 

G + 

and (9 o = J (9 o U(x))d/i(x) 

G+ 

for every fixed 9 s ££{E, E). □ 
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Lecture 18 



Representations of 
semigroups (contd.) 



Lemma 18.1. Ifn and v are summable measures, ft * v is a summable 95 
measure and U(p * v) = U o JJ (y). 

Proof. We have already remarked that /i * v is summable and that J \d/u* 
v\ =|| /i * v ||<|| // || || v ||= f \dfi\. f \dv\. We shall now prove that 
U(n*v) - U(n) o U(v). For any bounded continuous function ip with 
values in C we know that J J (p(st)d/u(s)dv(t) - fj. * v(<p). We shall 
show that this formula is true for any vector valued continuous, bounded 
function. 

Let F be an ELC and F its completion. Let Ip be an F-valued 
function which is continuous and bounded. Considered as an F-valued 
function also Ip is continuous and bounded. Let /' e (F)'. Then 
(Ip, f '} is a continuous bounded function with values in C. Hence fi* 



v(v" , /') = // (V(st),f) dfi(s)dv(t). Since £ - (/,/') is a con- 
tinuous linear map of Fin C, we have (/i*v)("^, /') = ((ju*v)("<£ ), / ') 
and / j (lp(st), f')dn(s)dv(t) = (f f ~$(st)dn(s)dv(t), /'). Hence 




Therefore 




(1) 
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18. Representations of semigroups (contd.) 



If it so happens that (/u * v)(ip) is in F itself, we have J J ~ip(st)dfj. 



Since {U(x),x e G + } is an equicontinuous set of linear maps, it 
is a bounded set, and hence f J U(st)dii(s)dv(t) = (// * v)(U). But 
for any summable measure A we have defined U (A) to be J U (x)dA(x) 
96 or as A(U). Hence {pi * v)(U) = U{jx * v) = // U(st)dfi(s)dv(t). 
To evaluate the double integral / / U(st)d/u(s)dv(t) we use Fubini's 
Theorem for integrals of vector valued functions. We want only the fol- 
lowing form of Fubini's Theorem. If <p (s,t) is a continuous, bounded 
F-valued function on G+ x G + and if jj. and v are summable measures 



Now, the integrals J ip (s,t)dv(t) and J !p(s, t)djj(s) exist for all s and 

t eG + and are continuous functions of S and t respectively. By forming 
the scalar product with any /' e (F)' and applying the theorem of 
Fubini for scalar valued function we get 



(s)dv(t) e F because of equality CQ). 



□ 



G + x G+ 




G + G + 




~(p (s,t)dji(s)dv(t) = / d/j(s) / lp(s,t)dv(t) 




G+x G+ 



Tp(s,t)dn(s) 

G+ 



Applying this form of Fubini's Theorem we get 




U(st)dfi(s)dv(t) = / dju(j) / U(st)dv(t) 




B+k g+ 
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Since V -> £/( s) o V for a fixed s e G + is a linear continuous map of 
J£ S {E,E) in itself, we have 



Hence U(ji * v) = f/(ju) o C/(v). 

Suppose £" is a Banach space and each £/(x) satisfies || U(x) ||< 1. 
Then || f/(//) ||< / |<fy«| for any summable measure fi. This follows 
immediately from the definition U(/j.) = J U (x)dfi(x). 



Proposition 18.1. Let Ebea complete ELC. If J \dfi\ -»■ 0, then U (ji) -> 
0in5f 6 (E,E). 

Proof. We have U{n)~e = J U {x)~~e dn{x) for every ~e € E. Suppose 

G + 

we take vectors ~? in a bounded set B of E. Since the set {f/(;c),x e 
G+} is an equicontinuous set of linear maps of E in E, the set T = 

f/ {£/(;c)lf } is a bounded set of E. Now U(fj)~e £ T / \dfi\ where 

*eG+ G+ 

T is the convex, closed, stable envelope of T. T is bounded since T is. If 
/ \dfi\ ->■ we see that for ~e e B, U(fi)~e -> uniformly in Hence 
our proposition. □ 

Proposition 18.2. If{nj} is a sequence of measures tending to strictly, 




since V -> V o £/(v) 



is a continuous linear map of ££ S {E, E) into itself. 
Hence / / U(st)dp(s)dv(t) = U(jx) o U(v) 
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G+xG+ 



{U(fij)} tends to in ^ S {E,E). 
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18. Representations of semigroups (contd.) 



Proof. We have to prove that for every fixed e e E, U(fij)~e -*■ in 
E. But / U{x)~~ednj{x) = U{nj)~~e. Now U{x)~~e is a bounded vector 

G+ 

valued function of G+ in E; this follows from the fact that {U(x),x e 
G + } is an equicontinuous set of operators. Hence the proposition is 
proved if we prove the following more general proposition. 

For any continuous bounded E valued function tp (x) on G + we 
have / Ip (x)dfij(x) -»■ if fij -»■ strictly. Assume first, that Ip is a 
continuous function with values in £" having a compact support. Then 
98 Ip e 9°{E) and e 9°' . The integral / Ip (x)dfi j(x) is nothing but the 
product Ip. Hj extending the scalar product defining the duality between 
Q>° and S>° . This product is hypocontinuous with respect to compact 
subsets of S}°{E~) and compact subsets of Hence if Ip e S>°{E) 
is a fixed element and fij -> in 2)'° we have Ip '.fij -»■ 0. Our assump- 
tion is that /iy -> strictly. If we prove that Hj -> strictly implies 
yu 7 - -> in we are through. When fij -> strictly is a bounded 
set of measures and hence {jij) is an equicontinuous set of measures. 
Hence the topology of compact convergence and the topology of simple 
convergence induce the topology on the set {///}. Hence fij ->• in S)° . 

Now we go to the case of a continuous, bounded function Tp{x) 
with values in E. 

To show that J ~tp(x)d/Uj(x) -*■ we have to show that given any 
convex neighbourhood V of in E, there exists a jy such that for j > jy 
we have / Ip (x)dfij(x) e V. Let B be the set of values {lp(x)}. B 

is bounded and hence B also. Hence there exists an s > such that 
sB c j. Let i<r be a compact subset of G+ such that the s(K) that 
corresponds to K is less than e. Let a be a continuous function equal 
to 1 or K and with compact support, satisfying < a{x) < 1 for every 
xaG+. Thsanj{lp) = m(a~(p) +^((1 - a)~$), i.e., / ~<p (x)didj(x) = 

G + 

f a(x) ip (x)dfij(x) + / (1 -Q"(x)) ip (x)d/Uj(x). Since y> (x) is a 

G+ G+ 

continuous function with compact support, we have a jy such that for 

j * jv, 

r _^ V 

J a ( x ) <P (x)dnj(x) e -. 

G + 



18. Representations of semigroups (contd.) 



Lecture 19 

Representations of 
semi-groups (contd.) 

Let , from now on, G+ denote a closed convex cone in R n , containing 100 
the origin. We shall assume that G + is the closure of its interior. G + is a 
topological semi-groups. 

Definition 19.1. A distribution T on R" is said to be G + summable if 
T has its support in G + and T = Y. D p [i p where p. p are summable mea- 
sures on R n . The space ofG+ summable distributions will be denoted by 
%{G + ). 

IfT e %{G + ) and T e %(G+) then T * T e 3>' Ll (G+). If 
T = ZD p p p ,T' = £D% then T * T = ZD p+q p p * v q . If a e 3l{R n ) 
with support in G + and T e @' Ll (G+) then a * T has its support in G + 
and a * Tdx is a summable measure in G + . 

Definition 19.2. A sequence {Tj} ofG + summable distributions is said 
to converge to zero strictly ifTj = £ D p Mp, j with m independent of j, 

\p\<m 

and {fipj} is, for every p, a sequence of summable measures tending to 
zero strictly. 

If{Tj} and {S j} are two sequences of summable distributions strict- 
ly tending to zero, then {Tj * S j} tends to zero strictly. 

We have seen how one can define U (p)for [i e ^#g+- Now we shall 
see how one can define U(T) for T e 3>' l (G + ). However U{T) will 
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19. Representations of semi-groups (contd.) 



not, in general, be defined on the whole of E. But the domain Ej of 
U(T) will be a dense subspace ofE. 

Definition 19.3. Let be the filter having for a base the sets A E , 
for every e > 0, defined as follows: 

a\a 6 (R n ), Support of a c G + ,a > 0, 
1 - e < f a < 1 + e and support of a contained 
in a e-neighbourhood ofO. 



Definition 19.4. Let T e (G+). Let Ej be the set of elements x ofE 
such that lim U(a * T)x exists in E and for x e Ej define U{T)x to be 

lim U{a * T)x. (lim denotes the limit as a -> 5 following the filter 

U(a * T)x has a meaning for every xeE, since a *T has its support in 
G + and defines a summable measure in G + ). 

Definition 19.5. We define 3$(G+) to be the subspace of functions in 
@(R n ) whose supports are contained in G + and S> L \{G+) to be the 
space of C°° functions on R n with supports in G + and with summable 
derivatives of all orders. 

Proposition 19.1. For T e @' Ll (G + ),p e & L \ (G+) and x e E T we have 
U(p*T) = U(p)oU(T)x. 

Proof, p being a summable function with support in G + p(x)dx is a 
summable measure, with support in G + . We denote this measure also 
by p. U(p) and U(a * T) are continuous linear operators in E and we 
have 

U (p) o U(a * T)x = U{p * a * T)x 

Now, let a -> 8 following the filter & . Since U (p) is a continuous map 
of E in E. We have 

limU(p) o U(a * T)x = U(p) o U(T)x for every x e Ej. Also 

p*a*T = a*p* T (commutativity), and as a -*■ 8 following £P , a*p* 
T -> p*T strictly (Lemma ri7.2| ). Hence lim U(p*(a*T))x = U(p*T)x. 

Thus U(p * T)x = U(p) o U(T)x for every x e Ej. □ 
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102 Proposition 19.1'. Let S,T e &' Ll (G+), x e E T . Then x e E S * T if and 
only if U (T).x e £5 and if it is so 

t/(S *7> = U(S)oU(T)x. 

Proof. If S is an integrable distribution and a e f^(G+). Then a * 5 e 
@ L i(G+). Take for p the element a * S of ^ L i(G + ) in the previous 
proposition. Since U(a *S * T)x = U(a * S ) o U(T)x, whatever beie 
Ej, we see that if any one of lim U(a *S *T)x and lim U (a*S)U(T)x 

exists, the other also exists and we have the equality of the two limits. 
Thus if x e Ej we have 1 f £jj if and only if U(T)x e E$ and then 
U(S *T)x=U(S)U(T)x. □ 

Corollary l.Iftpz L i(G+), the element U(ip)x e Ej for every T e 
%(G + ). Moreover U(T)U(<p)x = U(T * <p)x. 

Corollary 2. f] Et (G+) is dense in E. In fact, if tp e 3>{G + ) tends to 

L 1 

S e = 6 following the filter & ', U (<p)x -> Ix - x. 

In particular, we have also Ej dense in Efor every T e (G + ). 

Proposition 19.2. The mapping (T,x) U(T)x is a closed mapping. 
That is to say, if {Tj} is a sequence of summable distributions with 
supports in G + and tending strictly to T and if {xj} is a sequence of 
elements ofE tending to x and if U (Tj)xj has a meaning for each j and 
iflimU(Tj)xj = y in E, then U(T)x has a meaning and U(T)x = y. 
(The word mapping is not used here in the usual sense. U {T)x need not 
be defined for every x). 

Proof. We shall, in fact, prove a result somewhat stronger than the one 
that we have stated. Even when U(Tj)xj ->■ y weakly in E, we shall 
show that xe E T and that U(T)x = y. For a e S$(G+), U(a * Tj)xj = 103 
U (a) oU( Tj)xj from Proposition [T97T] For a fixed in £^(G+ ),a*Tj -*■ 
a * T in the sense of strict convergence of measures. Hence U(a * Tj) 
remains in an equicontinuous set of linear maps of £ in £ and tends to 
U{a*T)m5? s {E,E). 
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19. Representations of semi-groups (contd.) 



If {Vj} is a sequence of elements lying in an equicontinuous set of 
linear maps of E in E and if Vj -*■ V in J£ S (E, E) and if ij->ie E, the 
sequence Vjxj -> Vx in In fact, 

Vx - Vjxj = (V - Vj)x + Vj(x - xj) 

Since [Vj] is equicontinuous and x - xj -> in Vy(x - x ; ) -> in 
([Vj] denotes the set of the linear maps Vj). Since V - Vj -*■ in 
J£ S {E, E), for every fixed x e £, (V - V 7 )x -»■ in E. 

Taking for Vj the sequence U(a * Tj) we see that [/(a * Tj)xj -> 
f/(or * T)x in £" as _/ -»■ oo. Since ?/(a) is a continuous linear map of 
£■ in E it is also weakly continuous. Hence if U(Tj)xj -> v weakly 
in C/(a) o U{Tj)xj -* U(a)y in £ weakly. But C/(a) o U(Tj)xj -* 
U(a*T)x strongly in E. Hence we must have U(a)oU(T ))xj -> 6 r (c)v 
strongly in £" and U(a)y = U(a * T)x. If a -> 5 following the filter 
C/ (a)y -> v in Hence lim t/(a * T)x exists and is equal to y. That 

& 

is to say, U(T)x has a meaning and v = U(T)x. □ 
Corollaries: 

1) For each T e S>' Ll (G+), U(T) is a closed operator. For, if Xj -> 
x in E and U(T)xj -> v in choosing Ty = T in the above 
proposition, we see that U(T)x has a meaning and t/ = y. 

2) If x is an element of £" such that 

weak lim U (a * T)x = y 

exists, then x belongs to the domain of U(T) and U(T)x = y and 
y = lim U(a * T)x in E. 

3) If S j is a filter of summable distributions strictly converging to d 
and if U(S j * T)x is defined for every j and if U(S j * T)x -> y 
weakly in then x e Ej and lim U(S j *T) = U(T)x. 

4) For defining the operator corresponding to T e & hX , even if we 
choose for the filter a filter finer than the filter & used above 
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and require the limit to exist only weakly we will get the same 
operator U(T), i.e., the domain of U(T) will not be enlarged. 
For if = (ft is a finer filter, then tpi * T will tend to T strictly. If 
weaklim£/ ((ft * T)x = y exists, then by the proposition lim U (aj * 

T)x exists and is equal to y. 

We thus see that the definition for U(T) we have chosen is the most 
general one; it gives the largest possible domain of definition for U(T). 



19. Representations of semi-groups (contd.) 



Lecture 20 

Representations of 
semi-groups (contd.) 



Let X be a tangent vector to the cone G + at the origin. If for any <p e 105 
@(G+) define X(ip) = derivative of <p at along the direction X, X can 
be considered as a distribution. It is an element of £$' Ll (G+). In fact X 
has a compact support, the point '0'. The operator U(X) is called the 
infinitesimal generator corresponding to the tangent vector X at 0. The 
directional derivative X(<p) is by definition 

lim y(tf)-y(0) 

Hence X(y>) = lim S -^(<p). 

Proposition 20.1. U (X)x exists if and only if 

lim ^^fx) x exists, and 

]im g(gg)-/ x= 

Proof. Assume that lim U 6,x ~ So x exists. Now s,x ~ 6 ° x strictly as 

t-*-o ' I • 

t -> 0. By Proposition 119.21 we see that U(X)x exists and is equal 
tolim«x 
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20. Representations of semi-groups (contd.) 



Conversely, suppose that U (X)x has a meaning. We have 

where p, is a measure, concentrated on the line segment joining the vec- 
tors and tX, which is homogeneous and gives to the segment a total 
mass 1. If U(X)x exists, by Proposition 19.1', we have, as U(p t )U(X)x 
106 exists, U(p t * X)x = U(p t )U(X)x. But due to commutativity p t * X = 
X * p t . Hence U(X * p t )x = U(p t )U(X)x. But since p, -> 8 strictly, we 
have 

lim U(X *p,)x = U(S) U(X)x 
= U(X)x. 

Hence, if U(X)x exists, limU(X * fi t )x exists. In other words, 
lim u ^ tX ^~ I x exists and is equal to U (X)x. □ 

Proposition 20.2. Let x e E. The following four properties are equiva- 
lent: 

i) U (T)x exists for every T 6 £'q + . 

ii) V (T)x exists for every T e £'\, i.e. U(X)x exists for every X e R". 

Hi) The function U(s) x (s -»■ U(s)X) belongs to £}(E). [We shall 
say that a function on a cone is once continuously dijferentiable 
if it is once continuously dijferentiable in the interior and the 
derivatives have a continuous extension to the cone]. 

iv) The function U(s)x has weak derivatives at the origin in every 
direction along the cone. 

Proof. Evidently i) implies ii). ii) implies i) since T e £'q can be 
written as T = * where m are summable measures with sup- 
ports in G + (Whitney regularity) and we any apply Proposition 19.1'. 
ii) implies iii): Let X\, . . . ,X„ be independent vectors tangential to the 
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cone. If s is an interior point of the cone, using the method of proof 
of Proposition 120. fl we see that U(s)x is differentiable in the direction 
X((i = l,...,n) at s and that the derivative is equal to U(s )U(Xi)x. 
U(Xj)x being a fixed vector in E, the function s -*■ U(s)U(Xi)x is a 
continuous function on the cone. Since the X, form a base for R n , it fol- 
lows that U(s)x e S](E). iii) implies iv), as is easily seen, iv) implies 
ii) by Proposition ll9.2l □ 



20. Representations of semi-groups (contd.) 



Lecture 21 

Remarks on the 
representation of 
non-commutative Lie 
semi-groups 



Let G be a Lie group of dimension n and G + a sub semi-group of G such 107 
that 

i) G + is closed in G; 

ii) the unit element of G belongs to G + . 

iii) G + is the closure of its interior. 
We call G+ a Lie semi-group. 

We denote by @L (G + ) the set of distributions T on G with support 
in G + which are of the form 

T = ^D p * fi p (finite sum) 

p 

where D p are distribution^] in G with support at the unit element e, and 
Hp are summable measures on G. A sequence Tj e & Ll {G+) is said 

By a distribution we mean a continuous linear form on the space of indefinitely 
differentiable/««c?;o)ii' on G with compact supports. 
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21. Remarks on the representation.. 



to converge to zero strictly if Tj - "£D p * p p j, where D p are fixed 

p 

distributions with support at e of order at most m, and if for every p the 
measures p p j converge to zero strictly. 

Let U be a representation of G+, by equicontinuous operators in E. 
For T 6 @' Ll (G+) we shall define a linear operator U(T) on E. Let 

= {aj} be a filter of C°° rc-forms, (n = dimension of G) of the second 
kind (odd type) on G such that 

i) {aj] have compact supports contained in G+; 

ii) aj > 0, for every j; 

108 iii) The support of aj tends uniformly to the unit element of G; 

iv) / aj -*■ 1. 

G 

By definition the domain Ej of f/(T) will consist of those x in £ 
for which lim C/(a * T)x exists and U(T)x is defined to be this limit. 

(Note the order in which a and T enter in the convolution). 

Remark . If is another filter having the same properties as & and 
U'(T) the corresponding operator, it will follow from the results to be 
indicated later, that U(T) and U'(T) have the same domain of definition 
and are equal on their common domain of definition. 

Proposition 119.11 is true also in the non-abelian case, if p is a C°° 
form with compact support. To uphold this proposition in the non- 
abelian case we have to prove the following: if D is a distribution with 
support at the origin and p a summable measure, then (p*a) * (D*p) -*■ 
p* D * p strictly as a -*■ 8 following For this, it is sufficient to prove 
that p*a*D^p*D strictly. But this follows from the separate conti- 
nuity of the convolution map S>" x £ l -*■ 3> n . 

Proposition 19.1' is also true, if S has compact support. Proposition 
I19.2l is also true; proof is the same. 

Suppose x is an element of E such that lim U(T * a)x = y exists 

(T e &' L i(G+)). Since T * a -*■ T strictly we see, using Proposition 
1 19.21 that x belongs to the domain of U(T) and U(T)x = y. Thus the 
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definition for U(T) we have given using convolution on the left by a 
gives a domain of definition for U(T) which is larger than the domain 
we would have obtained if we chose to convolve on the right by a. 



21. Remarks on the representation... 



Appendix 

Representations of the 
semi-group of positive reals. 
Hille-Yosida Theorem for 
complete locally convex 
spaces 

In this section we take for G + the (additive) semi-group of positive real 109 
numbers. 

Let U be a representation (equicontinuous) of G + in E. The linear 
operator U(-S') (6' = first derivative of the Dirac measure) is called 
the infinitesimal generator of the representation. We shall show that 
every complex number p with Rl p > is in the resolvent set of the 
infinitesimal generator. We have pi - U(-S') = U(pd + 6'). We have 
further, in R, (pd+S r ) * Y(t)e~ pt = Y(t)e~ pt * {pS+6') = 6, Y(t) denoting 
the Heaviside function. Now for Rl p > 0, e~ pt is a summable measure 
in G+ and hence U (e pt ) is a continuous linear operator in E (see Lemma 
117. 31 ). Since U{8) = I, using Proposition [TJ, we see that U(e~ pt ) is the 
inverse of pi - U(-S'). 

We shall now prove an equicontinuity property of the resolvent op- 
erators of the infinitesimal generator A of the one-parameter semi-group 
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U(t). Since 

(6+ -) * pe- pt = 5(p>0), 
P 

as before we see, using Proposition QJ, that U(pe~ pt ) - (I - j) • But 

oo 

as / pe~ pt dt = 1 we see that (see Lemma [l7.3D U(pe~ pt ) belongs to the 

o 

convex closed stable envelope of the set ^ = {U(t),t > 0}. In a 

similar way, we see that (/ >0,m = 1,2,...) e <% . Hence the 

set of operators {(/- ^) m }, as p runs through strictly positive numbers 
and m through positive integers, is equicontinuous (with 

We shall now show that the equicontinuity condition we proved for 
the resolvent operators of the infinitesimal generator of a one-parameter 
semi-group is also sufficient to ensure that a densely defined linear oper- 
ator in E be the infinitesimal generator of a one-parameter semi-group. 
The problem here is to define the exponential of such an operator. Be- 
fore going into this problem we shall first consider the question of defin- 
ing the exponential of a continuous linear operator. 
The exponential of a continuous linear operator. 

Let E be a complete ELC and T a continuous linear operator of E 
into itself. We try to define exp tT as a continuous linear operator by 
means of the serie^l 

(exp?7>= V (xeE) (f>0). 

fc=o k] 

The series will converge for every x e E and represent a continuous lin- 
ear operator of E into itself, at least if T and its iterates T (k = 2, 3, .. .) 

°° (tT) k x 

are equicontinuous. Actually the series Y, u W1 U converge at every 

k=o 

x 6 E if the set {T,T 2 ,. ..} is weakly bounded. For then if q is any 

2 If £ is a Banach space, the series £ converges in the uniform topology for any 
continuous linear operator T of E into E. 
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continuous semi-norm on E, we have 

" q((tT) k x) " t k q{T k x) <c ~ t k 
yt=o K - yt=o K - fc=o K - 

°° a((tT) k x) 

C being a positive constant, so that the series Y, \/ i s convergent. 

k=o 
°° (tT) k x 

Since E is complete, it follows that Y, k '_ is convergent in E. To 

k=o 

show, under the hypothesis that the set {T, T 2 , . . .} is equicontinuous, 
that x -»■ (expT)x is a continuous operator, it is sufficient to show that 

" (tT) k 

the operators B n = £ W~ are equicontinuous since the pointwise limit 111 

of a sequence of equicontinuous linear operators is a continuous linear 
operator. To show this we use the following criterion for equicontinuity 
which will also be used later. Let {B a } be a family of linear operators 
of E into E; in order that {B a } be equicontinuous, it is necessary and 
sufficient that the following condition be satisfied: for every continuous 
semi-norm q on E there exists a continuous semi-norm p on E and a 
strictly positive number a such that 

q(B a (x)) < ap(x), for every a and x e E. 

(see Espaces Vectoriels Topologiques, Ch. II, by N. Bourbaki). To prove 
that the above B n are equicontinuous, let q be a continuous semi-norm 
on E. Since {T*}fc = o,i,„. are equicontinuous there exists a continuous 
semi-norm p and a > such that q(T k x) < a p{x)u (k = 0, 1, . . . ,x e £). 
Now 



x ,^(tTYx. "t k q(T k x) 

k=o K - k=o K - 

< (a.expt)p(x) 



which shows that B n are equicontinuous. One proves the same way the 
following results. 

i) Writing T t x = exp(tT)x, the map t -»■ exptTx is a continuous 
function from (0, oo) in E, for every x e X, and 
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(a) lim hX . x exists for every x e £ and in equal to Tx; 

(b) lim T '^ x h T ' x exists for t > and x e E and equal to T,Tx = 
TT t x. 

ii) Let T and S be two continuous linear operators such that ST - 
TS and such that {T k } and {S k } are equicontinuous. Then 

" t k (T + S) k 

h *i 

converges pointwise to a continuous linear operator exp(f(T + 
S ) = exp tT. exp tS = exp f S . exp tT and 

exph(T + S)x-x . . 
hm , — = (r + S)x,xe£ 

h{o h 

112 

exp(/z + ?)(r + 5)x-exp?(r + 5)x 
lim 

fc->o h 

= expt{S+T) (S +T)x 

= (S +T)expt(S +T)x (xe£). 

We now prove the 

Theorem (Hille-Yosida). Let E be a complete ELC. Suppose that A 
is a densely defined linear operator on E such that for every strictly 
positive p,(I - exists and such that the family & of operators 

{(/ - ^)~ m } {p strictly positive, m = 1,2, . . .) is equicontinuous. Then 
there exists a uniquely determined representation T(t)(t > 0), which is 
equicontinuous with whose infinitesimal generator is A. 

Proof. We follow Yosida's method of proof. 

Writing J A = (I - A~ 1 A)(A > 0) we have evidently: AJ A x = A(Ja - 
I)x,x e E and AJ^x = J\Ax = A(Ja - I)x, for x e 3>(A), where 3>(A) 
denotes the domain of A. We shall prove that J^x ->■ x, as A -> oo, for 
every x e E. If x e @(A), /^x - x = /l^T^Ax) and hence /|X - x -»■ as 
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A -> oo, as the set {/^(Ax)} is bounded. Since 9(A) is dense in E and 
{Ja}a>q is equicontinuous, it follows that J^x -> x for every ie£. 
Set 

r r (i) = exp(fA7 /1 ) = exp(a(//l - /)) = exp(-At) exp(AtJj). 



It is easily seen, using for example the criterion for equicontinuity used 
earlier, that the operators {T^}(A > 0, t > 0) are equicontinuous with 
JF. We remark that J^J M = J M J / i,A,fi > 0. We now prove that as 
A -*■ oo, converges in the topology of simple convergence, to a con- 
tinuous linear operator T t and for fixed x, T^x -*■ T t x uniformly when 
t lies in a compact set. To prove this, let q be a continuous semi-norm on 
E. Since {T^} are equicontinuous there exist a continuous semi-norm 
p and a > such that q(T^x) < a p(x) for A > 0, t > and every ie£. 
For /l,ju>Oandxe 9(A) 
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^(r f (i) (x)-r^x)^ 



/ 

Lo 



d 
ds 



{T^ s T^x}cls 
J T^ s T ( s A \AJ A -AJ M )x 



= 9 



t 



LO 



ta 2 p[(JxA- JfiA)x\, 



and (JxA - J^A)x -»■ 0, as A,// oo as x e 0(A). So lim q{T\ A \x)- 



T, x) = uniformly when t lies in a compact set. Since 9(A) is 
dense in E and the set of operators {T^} is equicontinuous, we see 
that lim T^x = T t x exists for every x e E and ? uniformly in any 

/l-»oo 

compact set that the set of operators {T t } t > is equicontinuous with 
& . From the uniform convergence, t -*■ T t is a continuous map of t > 0. 
To prove that = r ; r s , let q be a continuous semi-norm and let a and 
p have the same meaning as before. Then, using = T^Tg A \ 

q((T t+s - T t T s )x) < q(T t+s - T$x) + q(T$x - T^T^x) 



A,fi- 
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+ q(TfTs - T} A) T s x) + q(T^T s x - T t T s x) 
< q(T t+s x - T^]x) + ap(T^x - T s x) 
+ q[(T^-T t )(T s x)]^0. 

Since q(T t+s x - T t T s x) = for every continuous semi-norm q, we must 
have T t+S = T t T s . 

114 Let A' be the infinitesimal generator of the semi-group T t . We have 
to show that A' = A. To show this, it is sufficient to show that A' is an 
extension of A (i.e., x e S>(A) implies x 6 f^(A') and Ax = A'x). For, 
t -»■ T, being an equicontinuous representation, (I-A~ l A') : 3>{A') -»■ E 
is a bijection for A > and by hypothesis (7 - A~ 1 A) : 0(A) -> £" is a 
bijection, for /I > 0, so that £F(A) = ^(A'). To prove that A' is an 
extension of A' let x e S>(A). Then r^A/^x -»■ T s AIx. For if g is a 
continuous semi-norm, we have 



q(T s Ax - T ( s A) AJ A x) < q(T s Ax - T {A) Ax) + q{T {A) Ax - T {A) AJ A x) 
<q\{T s - r. s (/!) )(Ax)l +ap(Ax- J A Ax) 
-*■ 0, as /l->oo, (since J A Ax-*Ax). 
Now, T f x - x = lim Tj^x - x 



lim 

/l-s-OO 





t 

= f lim T { s X) AJ x x 



r 

-/ 



x ds 



T s Ax 



so that lim exists and equal to Ax, i.e., if x e MA), then x e 5?(A') 
rjo r 

and A'x = Ax. 

The uniqueness of T, follows from the following fact, which is 
proved the same way as in the case of Banach spaces: If t ->■ T t is a 
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representation (equicontinuous) and A is the infinitesimal generator of 
T, then 

T t x = lim exg{tAJx)x, for every xeE. 

□ 

Remarks, (i) In a Banach space the condition of the theorem reads: 
there exists a constant M > such that 

|| (AI-Ay m || <M/Am (for m = \,2,...,A> 0) 

(ii) For the proof of the theorem it is sufficient to assume that E is 
quasi-complete. 



